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A(3STRACT j

ABSTRACT

A symbolic processor , ~w*~:* ( Pronounced “five star ” ) , to assist
in the generation of stiffness matrices for finite elements , based on
a recently developed symbolic processor , is presented. Operations are
performed upon element characteristics and materia l properties in
symbolic form to prod uce a “matrix template ,” consisting of the
algebraic expressione generated for the stiffness coeff icients as
function s of the problem parameter s in liter a l form . The template may
be evaluated f or a given element by bind i ng these symbolic forms to
the numerical values associated with a specific element. The
evaluation process is further facilitated by permitting speci fication
of a variety of output formats for the resulti ng matrix template.
Required i nput is minimized by automaticall y synthesizing the
constituent m atrices of the formulation from user—supp l ed
specification s of shape functions , material properties and
stress—strain relationship s , all in symbolic notation.

The processor , written in (IACSYIIA , is hi ghly interactive p roviding
prompts for user i nput , enumeration of available program options , and
extensive on—line assistance. The user may i nput a ‘1” in place of a
prompted i nput to request instructional text. The file handling
capab ilities of MACSYIIA are utilized to retain a complete record of
each program run. These records facilitate the handling of
diagnostics , assist in further processing and permit the generation of
statistics valuable for system development. Error check i ng is
accompli shed through semantic check9 built Into the program functions
and syntactic checks l erformed with in the MACSYFIA operating
environment.

A partial list of user i nput inc l udes:

1) Method Sel ection — I soparametric or generalized coordinate
formulations. 2) Element Parameters - Number of nodes, number of
degrees of freedom per node and related terms. 3) Mater ial Properties
— This matrix may be selected from a library of standard forms (e.g.
plane stress, plane strain ) or supplied by the user. 4) Strain
Specification - Components are entered in a user-or i ented ca l culus
notation (e.g. au/ax is i nput as O (u,x) ). 5) Shape Functions — Shape
functions may contain tri gonometric functions and a large class of
intrinsic functions as well as po l ynomial terms. 6) Output Control
Specification - A description of the output forma t of the generated
matrix template.

Possible output forms inclu de a tabu l ar disp l ay of the matrix
coeff Icient s in symbolic form and the coefficent e in FORTRAN card
i mage format.

Background material inc l udes: The objective of thIs study~ The
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der i vation of the stiffness matrices; A summary of previous research;
A brief descript ion of MACSYIIA.

Deta ils of the implementation of **~** cover: The desi gn
objectives; Detail s of tho al gorithm s used and how they I4ere
imp l emented; A description of ~**** and i t s  l im i t a t i ons .

Sample runs inc l ude the formulation , using both the i soparametr ic
and generalized coordinate methods , of the stiffness mat rices for a:
Bar element with constant cross—sectiona l area; Bar element with
linear l y varying cross—sectiona l area; Constant Strain Tr i ang le with
uniform thickness; Four Node Quadrilateral.

Conclusions are drawn and recommendations for future work are
made. Appendix I contains notes on operating and accessing the
processor. . . 
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I NTRODUCTION

Chapter 1

INTRODUCTION

- 1.1 Objectiv e

The finite element method i nvo l ves two processes: the generation
of elements , where the computation effor t is linear in the number of
elements , and the solution of the discrete system equations, where the
e f f o r t  increases as some power of the number of degrees of freedom ,
and thus of the number of elements. I mprovements over the past d ecade
in decomposition and solution techn i ques have reached the point where
in many prob lems the element generation ef for t exceeds that for system
solution. Thus, from a pract ical  standpoint there is  a great
i ncentive to attempt to drastica ll y reduce the computationa l effor t in
element generation , the bulk of which i s  taken up in the numer i cal
quadrature I nvo l ved. With the large variety of new elements being
deve l oped or i nvestigated , there is a similar incentive to reduce the
amount of manual al gebraic man i pulations required before the stiffness
matrices for a new element can be cast In a form suitab le for
processing.

This research project was undertaken to deve l op a mechan i sm that
would facilitate the generation of element stiffness matrices by.
eliminating the numerica l quadrature process and by minimizi ng the
amount of manua l algebraic man i pulation required.

A symbolic processor , ~****, to assist in the generation of
stiffness matrices for finite elements , based on a recently deve l oped
symbolic processor , is presented. Operations are performed upon
element characteristics and material properties in symbolic form to
produce a “matrix temp late ,” consisting of the algebraic expressions
for the stiffness coefficients as functions of the prob l em parameters
in literal form. The template may he eva l uated for a g i ven element by
bind ing these symbo lic forms to the numer ica l values associated w i t h  a
specific element. The eva l uation process is further facilitated by
permitting specification of a variety of output formats for the
resultin g matrix template. Required i nput Is min imized by
autom atical ly synthesizing the constituent matric es of the formulation
from user—supplied speci f icat ions of shape functions , mater ia l
properties and stress —st ra in  relat ionships , a l l  in symbolic notation.

1.2 Derivation of the Stiffness Matrix

This section introduces the nomenclature , de ta i ls  the required
operations and contains the der i vation of stiffness matrices for both
the Isoparametr ic and generalized coordinate formulations.

The s t i f fness  matr ix for any f in i te  element is given, in general.
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(K] J (61 IC] (61 dV (1)

The term r, in equation (1) are cfl scussed bc l ou.

1.2.1 I sopararnetric Formulation

For i soparametric element s equation (1) is rew ritten in terms of
natural coorcl i nates. In three cii tnens ions th i s l,rodl1Jcc~5

=111 (61 (131 det ( [Ji ) cli’ do cit (2)

in which (K) I $ the s t i f f n e s s  ma tr ix and r , s and t arc natur’a I
cooi’cl i nates (Desa i and Abel (9 1 ) . The den ion of t i- ic cons t I tuent
mat r i ces  of equat ion (2) is given below .

In the I soparame tr I c forniu I at ion , the func t i ona I r e l a ti onshi p
descr lb ng the e I enien t geotne try and the c- I  omen t di °P I acemen t are the

(xl — I N (r ,s, t) I (X nl . (3)

lu) I N (r~s, t) I IqI (4)

Here (xl represents the cartesian coordinates of the element; {X n}
is the vector of nodal coordinates in the globa l coordinate system;
liii stands fo r  tiic va l ues of the di s placesne nts inter i or to the
c I enien t; (cii t cpr esen to the noda l cli op I acemen to and IN (r • $ • t) I are tI-c
interpolation functions in terms of the non—d imensiona l natur al
coo,-cl I nates. (Al though the present cI~v~ I opmont assumes a g loba l
cartesian system , a s im i l a r  d e r i v a t i o n  ~an be w ritten for other
coord inate system s ) . The c l i me ns ion a l i t y  of the above re l a t i o nsh i p i s
clarified in the follow i ng expansion of equation (4). Letting m . thn
number of nodes,

u {N(r ,s,t)l 0 0 ci
lxm U mxl

v 0 IN(r ,s , t) I  2 q • 
- (6)

lxm v inxi
w 0 0 IN (r ,s,t )i q

3x1 lxm w mxl

The next s tel) I s to determine the st ra in s  oh i ch arc cler i vat i yes of
the di splacen ients:

(ci — (131 (((1 (6)

i n p.jh i ch (ci r cprc scnt s the stra in componen to de ~ i ned i n the g I oba I
ccici rcl I nate syotcin; and (BI rupr nts the t ier i vat  i y es of the -

I n terpo I at ion func  t i ons i n equation (4) w i t h  resp ect to t he g I oba I 

• .
~~~-- - .—~~~~~~~~~ •.~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Si Pica these i nter~,o I at ion funct ions (and hence, the di ~-p I occ-iiient rs
are f ui~c t i one of the natural coorci i nate s , di f fei’eri t i at io n must  be
per thrinecl by the chain rule. Emp l oy ing the der I vat i ye of equa t ion (3)
w i t h  reo pec: t to each natural coo,’cI I nate in the express i on for  the
chain rule proclucco:

aN

ax

aN
—— — (J) —— (7)

3x3 ay

aN 
-

at a:
3xm 3xm

in which the Jacobi an, [J) , is dc- fl ned by

aN
— —  I IXni (Vol (Zn) I

mx3

U] = —— (8)
as

au

at
- 3xm

As the quantity on the ri ght s ide , of equation (7) is required in
the formulat ion of (B) , the Jacob i an must be i nverted.
Premu l tipl y ing both sides of equation (7) b~ the inverse of the
Jacob i an produces an expression for the der iva t i ves  of the shape
func t ions w i t h  reSI,eCt to the g loba l coordinates. These der i vatives
are assemb led into the (B) mat,- ix and ordered accord ing to the
specifications given by the strain component vector , (e l.

The (C] m atrix contains the stress—st rain relation ships:

Is) — IC) (ci (9)

Finally, when the volume integr al is  converted fro m g loba l to
natural coordinates , the d i f f e r e n t i a l  vo lume becomes

dx dy c(z — det ( [J) ) (Jr do cit (10) 

, ‘ .--
~~~~~~~~~~

-
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in wh ich U) Is the Jacobian as defi ned in equation (8).

1.2.2 . C~ neraI ized Coordinate Formulat ion

The generalized coordinate formulation beg in s w i t h  a r e l a t i on
express ing (ui , the di sp lacem en t s  i n t e r n a l  to the e l e m e n t  as a
function of a 8et of y

~
. to be de t e rmine d g e n e r a l i z e d  coo rd ina t e s

re presented by the column vector , (a) :

(ui = IS (x ) }  Ia) (11)

The shape functions , (SI , are po lynomia ls  in the g l obal
coord i n a t e s  (denote d by x) and are cho sen to conform to convergenc e
requirements. In general , t he orde r o f the po l ynom ials is such that
the number of genera~ i zed coordinates is  equa l to the t o t a l  number of
degrees of freedo m of the e lement .  Utilizing this pr i nciple , the~
d isp lac emen ts  inter ior to the element may be expresse d In terms of the
noda l d is p lacem e nts  as f o l l o w s .  Sul ,at )tu)nçj the noda l coord inates
i nto the shape functions produces the displacement transformation
matrix , (A] , wh i ch relates the nodal disp lacements , (q), to the
general ized coordinates:

Iq} [A) (a) (12)

Solving for (a)

—1
(a) = (A] (qI (13)

and subst i t u t i ng into equation (11) produces the desired
relationship between noda l and element disp l acements

—1
(ul — (S(x ) 1 (A) (qi (14)

This form Is fundamentally the same as equat ion (4) for the
i so$,arametrlc case.

For a specifi ed set of strain components , the (61 matr ix  for the
generalized coordinate approach, (Ba) . may be determined by
appropriate differentiati on of equation (11).

(e l — (Ba) (a) (15)

Since the strains are der i vatives of the disp l acements with
respect to the g l oba l coordinates and the shape functions are
po l ynomials in these coordinates, no coordinate sys tem t rans form at i on ,
as in equation (7) for the i soparametric case, Is required.

The material properties matrix , (C], is the same as in the
i soparametric method.
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Subst i tu t ing the constitu ent matrices into equation (1) and
integrat ing w ith respect to the different ial vo l ume , dV , in terms of
the g l obal coordinates , produces a s t i f f n e s s  m a t r i x , (1(a) , as soc i a t e d
w ith.  the general Ized co~,rc~~nates.

(
(1(a) - J (Ba) [C] (Ba) JV (16)

Equation (13) g ives  the t r a n s f o r m a t i o n  necessary to express the
s t i f f n e s s  matr ix  w ith respect to the nodal displacement quantities:.

— i t  —i
(K) (A] (1(a) (A] (17)

Equations (2) and (17) are the expressions for the stiffness
matr ix  emp loyed in the computations Perfomedi by the processor .

1.2.3 Formulation of Element Loads , Mass and Stresses

In addition to the stiffness matrix , several other element
mat r i ces ar e relevant to f i n i t e  elemen t ana lys is .  These matr ices
i nc l u d e  t he e l e m e n t  m a ss mat r i x, t he st ress — d i s p l a c e m e n t
re l a t i onsh ips  and the l oad vectors rep resen t i n g (a) body forces , ‘b)
surface tractio ns and (c) initial strains.

Using the nomenclature introduced in section 1.2.1 and l ett ir ~g (LI
represent the shape functions for either the i soparametric or
generai Ized coordinate methods , the form ulat Ion of the above matrices
fo l  lows:

The element body force vector , lOB) is given by

t
lOB) — f (LI (fbi dV (18)

in wh i ch (fbi represents the specified body forces. If IL) contains
the generalized coordinate shape functions , (OB) must be
pre—mu itip lied by the i nverse - tranpose of the (A] matrix of equation
(12).

The element surface traction vector , lOT), is given by

f t
(UT) — (LI ( f t )  dV (19)

in which Ut! represents the spec ified surface tract ions and
integration is performe d over the surface of the element. The
transformation i nvolving the (A] matrix would be applied as in the
formulation of (0131 .

The eleme nt initial force vector, 101), i s  g iven by

—

~

-- -

~

.— —a--— -
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I t
101) = J (B) IC) l ei l dV (20)

in which (BI stands for the (B) matrix of equation (6) or the (Ba)
- “ matrix of equation (16) and (C] is defined in equation (9). The

vector of ini t i a l  strains , clue for example to thermal effects or
mis f i t , is represented by (ei). The transformation i nvolving the (A)
matrix is applied as in the formulation of (QB1 and (Oil .

The element mass m atrix , (11), i s d e f i n e d  by

( t
III) = J (LI Em) (LI dV (21)

in wh ich (mi is the specified mass density per unit volume tensor. If
IL) represents the the general ized coordinate shape funct ions CM) must
be pro— and p o s t - m u l t i p l i e d  by the i nverse - transpose of (A) and the
inverse of (A] repspec t ive ly .

• 
- The solution of the finite element proble m produces the vector of

noda l d i s p l acment s , (q). The element stresses , Is) may be ca lcu la ted
from

(si — (C) (B) (qi (22) - -

Issues in the implementat ion of the above quant i t ies are discussed
in -sect ion 2.9.

1.3 Motivat ion for Symbolic Processing

Numerical integration techn i ques require the eva ft~ tion of the
integrand of equation (1) at specified points , produc i ng a square
matrix of numer i ca l va l ues of order equa l to the number of degrees of
freedom. As constituent terms in this equation are functions of the
noda l coordinates (or are geometr ic va lues wh ich must be eva luated at
these points) the eva luat ion must be performed on each element
indiv i dually. If a large number of elements is to be emp l oyed in the
finite element mo del , a significant computationa l overhead may be
I ocurred.

Similarly , numer ic  eva l u a t i o n  of the i nverse and dete rmi nan t of
- the Jacobian (equation (7)) and the i nverse of the disp l acement
transformation matrix (equation (13)) also requires noda l coordinates
to be bound to numeric values and thus must be performoci upon elements
ind iv idua l ly .

Using symbolic man i pulation techn i ques, noda l coord i n a t e s  may be
retained arid operated upon in literal form throughout the computation.
The coordinates are not bound to numer i ca l values and thus may
represent any set of actua l (numerical ) coordinates. The stiffness
matrix produced is expressed as a t emp l a t e  i n terms of these un bound
values. It may he readi l y evaluated for a given set of actua l noda l

a
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coordinates dur i ng execution. ihe computat ions de ta i l ed  in the
previous section need only be performe d once to generate th is general
temp iate.

• - 1.4 Summary of Prev i ous Work

-Several researchers have proposed or i nves t iga t ed  the use of
symbol ic  computing languages for generating f i n i t e  element s t i f f n e s s
matr ices d i rec t ly  in l i t e ra l  form , to be subsequently eva l uated for
the specific numerical va l ues of a given element.

Luft (1I proposes indiv idua l special purpose routines with
l i m i t a t i o n s  as to problem type , element shape , and disp lacement
funct ion specification. Two example programs are provided. The
d i scuss i on for the !first , a processor for rectangu l ar elements using
genera l i zed coor d i nates , in d i ca tes  th at exact in te grat i on i s  be i ng
performed because the element boundaries correspond to constan t va l ues
of X and V. A program emp l oy i ng an i soparametric formulat ion
compr i ses the second example. Since it utilizes Gauss Quadrature and
the numer i cal eva l uation of the Jacob i an, i t  must  be executed for each

• element individuall y . Contributions detailed inc l ude: (a) the
introduction of ‘intrinsic matrices ’ (the integral of the produc t of a
form of the interpolation func t ions with its transpose) for minimizing
and organizing intermediate calculations and; (h) 

- the de ta i led
specification of a po l ynomial man i pulato r for performing the requisite
operations.

The processor desc i bed in Gunderson (2} emp l oys a modified
generalized coordinate approach and requires the user to spec i fy the
disp l acement transformation matrix (i.e. the i nverse of the matr ix
relating tl~e g e n e r a l l ~ ed coordinates to the noda l disp l acements). The
program makes use of a sophisticated scheme for data organ i zation by
representing the po l ynomials as multi-dimensional integer arrays and
by defining the matrix operations accordingly.

Taig (3) has presented programs for eva l uating the stiffness
coefficients for quadrilateral plate elements wit h in—p l ane forces -for
the cases of rectangu lar and trapezo ida l panels.

Anderson and Noor 341 and Anderson and Bowen (5) demonstrate the use
of IIACSVIIA’s symbolic integration f a c i l i t i e s  In the deve lopment of
sha l low— s he l l  f i n i t e  elements. In both papers the required integrals
are divided into classes using group theoretic techn i ques. In
reference 15) , the symbolic expressions are incorporated into a
FORTRAN computer program. A study is made of computation t ime and
memory requirements.

Wong (6) suggests the use of symbolic computation in the
formulat ion of f i n i te element s t i f fness matrices but ad mits tha t
CONI ORFI, the system that he co—authored , is insu f f i c ien t ly  f l e x i b l e
for the required handling of data structures.

- -- - - -
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The survey in Jensen (13) of symbolic computing languages and their
al,piication s in mechanics suggests that only MACSYMA possess
su f f i c ien t  f l e x i b i l i t y  and power to carry out the object ives.

In summary the work to date has been directed towarde the
deve l opment of elther t (a) programs that take advan tage of propert ies
assoc ia ted  w i t h  a very specific elemen t type ( 13) • (4), 15) ); or (b)
processors which synthesize matrices for any element but cannot
automate the entire process ( 11), (2) ).

1.5 Oescr iption of MACSYtIA

This section contains a brief description of the capabilities of
MACSYEIA , the base l anguage of ~~~~~~~~~~~~~ and w i l l  serve as back ground
material for subsequent dicussion of the implementation of the system.

(IACSVMA (pronounced “maxi ma ”) , Project MAC ’s SYmbolic Mani pulation
system , is a large computer program written in LISP devoted to the
manipulation of algebraic expressions. MACSYMA runs under the ITS
ti meshar i ng system (or i ginally developed at the M .I.T. Arti f i c i a l
Intellige nce Laboratory), on the )lathlab POP-lB computer at M.I.T.
W ith a syntax resemblin g ALGOL 60, MACSYMA has capab i l i t i e s  f or
man i pulating algebraic . expressions i nvolving constants, var i ables and
func t ions El].

Provisions and attr i butes of MACSYI1A of interest to the computer
l anguage designer inc l ude:

(a) The base language is a spec ia l ly  desi gned, enr iched version of
LiSP ca l led MACLiSP;

(b) The system contains a large body of intrinsic functions;

(ci ALGOL—like control structure, compound statements and block
structure permit the i ncorporation of the intrinsics into user—defined
functions. As in LiSP , a l l  functions , user—defined or int r ins ic ,
return a va l ue;

(d) A set of commands may be pre—stored on a d isk fil e  and executed by
means of the ‘BATCH ”command;

I
(e) An ed i tor , modeled after TECO, can be Invoked to edit input or to
correct syntax errors; 

-

( f )  Data types inc lude atomic var i ables , l i sts , ar rays , matrices, and
strings. Numeric constants may be integers , ratio r~a l  number , f loa t i ng
point numbers or “hi gfloat s ” (floating point v€’.~ies of essentially
arbitrary precision) ;

(g) Debugg i ng aids and trace functions are prov i ded;

(h) The user may dec lare and man ipulate propert ies of atoms :

-

~

--

~
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(ii Pattern match i ng fa c i l ities exist. These inc l ude type testing and
general pattern match i ng functions which permit the user to test

• expressions for comb inations of syntact ic  and semantic patterns and to
automat ica l ly  have var iables set to parts of the expressions wh ich f i t
the patterns (6) ;

(j )  It is possible to store express ions , values and functions on disk
f i l es .

Mathematical and computationa l functions include:

(a) Evaluation and s impl i f i ca t ion ;

(b) D i f fe ren t ia t ion  and integration;

Cc) Part seiction and substitution;

Cd) Solving for roots of an equation;

(e) Matrix functions inc l uding transpostion , multiplication , i nversion
and eva luation of determinants.

(f) Man i pulation of rationa l expressions (expressions wh i ch are the
quotient of two pol ynomials );

(gi Tay lor ser ies and power series;

(h) Graphing:

(i) Poisson series;

(j )  Tensor manipulation;

(K) Lap l ace transforms;

( I)  Finding the l i m i t  of an expression as a constituent var iable -

approaches a va lue from a given direction.

Command lines to MACSYIIA are strings of characters representing
mathematica l expressions involving equations, arrays, functions , and
programs. Extra spaces , tabs, and a l l  carr iage returns are ignored
(except when these occur in quoted strings) (2).

Command l ines are terminated by “ ; “ or “S” (dol lar sign) . A “ ; “

causes the command line to be eva luated and the result dispayed . The
terminator “9” causes the command line to be eva luated but the result
is not disp layed [3) . As *~r:~c* supervises the disp l ay of output ,
both terminator s have the same e f fec t .

The command ( input) lines are indexed by labels of the form “ (C i) ”
where i is i ncremented with each new command typed by the user.
Sim i la r l y ,  the resul ts of comp,utations are ai~ o Indexed by a labe l of 

_
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the form “ ( U I ) ” ; thus , usuall y the ith i nput—output pai r w i l l
be (Ci)— (Dt ) CS). Intermediate results (if any) are tagged w i t h  l ine

l a b e l s  o f the form “ ( E i) ” . Line l abels may a lso be used to reference
associated expressions.

Bogen 471 contains a description of the major features and
functio ns of MACSYMA. Math lab (81 provides details on l ogg i ng  into the
system and contains a script. -

An I mpor tant characteristic is that MACSYI’1A. in I ts  present ,
exper i m e n t a l  ver si on , prov i des a si gn ificantly limited amoun t of
user storage space for sy;nbdlic expressions.

l~6 Organization of This Repor t

The remainder of th i s repor t is organized as follows:

Chapter 2 descr i bes the  sys t em i mp l e m e n t a t i o n , inc l ud i ng the
Design Consi deration and Constraints; Details of the imp l ementation of
the computation of the stiffness matrix; and constituent matrices;
Specification of al gorithms; Log ic Hierarchy and Data Flow; Un i que
Input and Output F a c i l i t i e s ;  Error Recovery; and System L im i ta t i ons .

Chapter 3 contains a number of i l l u s t r a t i v e  examples of runs made
on the system and the ve r i f i ca t i on  of resul ts  for several test cases.

Chapter 4 consists of a summary and concIusion~ g iving a final
assessment of the work performed and suggestions for future research.

Appendix I is a br ie f  user ’s manua l to MACSYMA and ***~~*.
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- Chapter 2

SYSTEM I MPLEMENTATION

2.1 Imp lementation Considerat ions

The considerations in the design of ***** were Imposed by the
operating environment of MACSY MA and a set of init i a l  design
decisions . The major desi gn decisions were as f o l l o w s :

(a) The system had to be eas i l y  usable by eng ineers possessing a
minimum know led ge of i t s  operation.

(bi Ease of maintenance and mod ification were be emphasized. The
i ncorporat ion of i mproved algor i thms and addi t iona l  methods of
analysi s would thus be faci litated.

(c) The modu lar izat ion of the system was in ten ded to resemble  t he
steps in the prob l em formulation.

(d) 
- Consisten t w i t h  MACSYCIA’ s interact ive mode of operation, the

system would operate as an interacti ve process. Techn i ques wh i ch
prov ide se lect ive ouput were necessary to overr ide MACSYCIA ’s procedur e
of echoing commands and output.

(e) Since computation time increases w i th  the number and comp lex i ty of
the express ions, in general , there i s  no “compute versus store ”
tradeoff in MACSYIIA. Processes may also become storage bound with
respect to invoked program units, both user-defined and intr insic.
Whereas user program modu les can be deleted in order to free storage ,
MACSYIIA program segments , once loaded, remain for the duration of the
job. A constraint was a lso Placed UPOfl computation time because the
system 18 to he accessed interactive ly.

(f )  A l l  Input had to be format—free.

(g) Semantic and syntact ic checks on input had to performed.
Integration of MACSYCIA ’s syxtax checker and editor was deemed
appropriate. -

(h) It was dec ided that a copy should be retained of each session
dur i ng which the system is used. Such records would aid in
diagnostics and deve lopment.

( I)  As the system i s  to run interact ive ly, a help fac i l i ty  had to be
provided to supp lement error messages generated by semantic checks as
w e l l  as to ass is t  i-n enter i ng i nput.

As an a l te rna t i ve  to the general method of computation, wh ich 

- — -~~- - --~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Produces the complete matr ix template  by performing a l l  in tegra tions
and mat r i x  operations symbol ica l ly ,  a hybrid symb olic—numeric scheme
was a lso  considered . In  t h i n  approach , symbol ic  operatIons are used
on I y . t’~ produce the te rnj) I ate for the t r I p I e product I n t egr and of
equa t ion (1) (sec t ion  1.2) , in  te rms of un bound v a l u e s  of the
coord inates at the numeric quadrature points. At execution t ime of
the ana l ysis program i nvok i ng i t , the t e m p l a t e  is  numerically
eva lua ted  at each quadrirture point to prod uce the integ ral. The
hyb r i d techn i que wou l d use the same computation sequence as ei ther the
isoparametric or genera lized coordinate formulations , up to the
s y m b o l i c  Integration processing.

2.2 Computation Imp l ementat ion -

Al gori thms emp l oye d to per fo rm t he compu ta t i ons descr i bed i n
sect ion 1.2 are presented.

2.2.1 Reformula t ion  of the S t i f f n e s s  M a t r i x

To m in im i ze  computat ional ef for t , the formulat ion o f t he st i f f n e s s
mat rices g i ven in equation (2) for the i soparametric mc-thocl and
equation (17) for the generalized coordinate approach may be
reorganized as f o l l o w s .

For the isoparam etric formulation , expressing the inverse of the
Jacobian, [Ji , of equation (8) as the adjoint div ided by the
determinant , the lat ter  may he fa ctored froni 18) and the transpose of -

181 . Combining these terms w i t h  the determinant from equation 1~ and
using (BJ) to denote the reduced - (Bi matr ix , y ie lds  the f o l l o w ing
express ion for the s t i f f n e s s  matr ix

1 • t
(K) — J IBJI (C) IBJ) dr ds dt (23)

det((J)) -

This formulat ion produces a greatl y s i m p l i f i e d  (BI matr ix  and
reduces the number of required d iv is ions  in the f i n ished mat r i x
template.

A s im i l a r  procedure is emp loyed to factor the (A) mat r ix  In the
general ized coordinate method. Le t t ing  (AD] represent the determinant
of the submatrices comprising the [A) mat r i x  and (AJI stand for the
form of the (A] matrix produced by rep lac ing these submatrices w i t h
their adjoint , equation (17) may be rewr i t ten as

1 t 
-

(K) (AJ) IKe) (AJJ (24 )

- - de t ( (AO ) hw,2

Once again the computatio ns are greatl y simplifIed.

_ _ _ _ _ _ _ _ _  ~~~~~~~~~ - -~~~~~~~~~~ - —---rn--
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2.2.2 Reduc t i on  of Dependent Natural Coordinates

The number o f natural coord i nates specified by the user must be
equa l to or , at most , one greater than the number of global
coordinates spec i f ied.  In the la t ter  case , the natural coordinates
are not independent.

To f a c i l i t a t e  computat ion the last  coordinate is t reated as the
dependent one and is replaced by an express ion equa l to uni ty minus
the sum of the remaining coordinates.

2.2.3 Generation of the Jacobian

The Jacob ian, as def ined in equa t ion (8) , is formed using a
refined version of the follow i ng algor i thm.

Let
NOOF — the number of degrees of freedom per node ,
NN — the number of nodes ,
G( i]  — the name of the i th g loba l coordinate ,
L (i) — the name of the Ith natural coordinate,
S — the vector of shape functions ,
01FF, GC and JVAL are l oca l va lues. -

Then

1 for i4 to NOOF do
2 DIFF— (the der iva t i ve  of S with respect to L (i))
3 for j — 1 to N[)OF do
4 GC ’GIj)
S JVALILB
S for k— i to NN do
7 JVAL-JVAL + DIFF [k]MC (kJ
8 JACOBIAN (i ,j]~ JVAL

Note that GC is assigned the name of a globa l var i able (say )Q , in
l ine 4 and, in line 7, assumes symbo l ic values of associated noda l
coordinates ( X ( k )  for k-i to NW ) s imply by appending the subscript ,
“ 1k) ”.

2.2.4 Formulation of the Inver se of the (A] Matr ix

The inverse of the [A] matr ix  of equations (12) , (13) , (14) and
(17) is determined using the f o l l o w ing:

Expand ing equation (12) . for the case of 3D cartesian coordinates
produces 

- 
- 

—- -~~ ---~ - - -
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i1.l~ I 191 (Xn , Yn, Zn) I 13 (3
- 

inxrn
IVnI 13 1S2(Xn . Yn , Zn ) I 13 - a

,nx,n
(Uni (3 (3 {S3(Xn ,Yn,Zn) l

in x in
3m~ 1 3mxl

— i ri i~h I ch ‘ rn’ represen ts the number of nodes and (liii) • I Vnl , Il.Jn I are
t he noda l va lues of the disp l acements. The vecfor5 (91 1 , 1S21 and
(S3l are t he shape funct i one for ea ch of t he ck~gi’ees of freedom ( U,

V . U ) , evaluate d at the nodal values , That is . the i th row of (SjI
• i s  the value of the shape function for the j th  degree of freedom

eva l uated at the I th node.

For the case in tih ich each degree of freedom is çjcverneci by the
same shape function . al I ISj ) submatr I ce~. are equal. The i nvcr se of
the [A] ma t r i x , which is of order I 3m x 3m ) , can be obta ined by
i nver t ing one of ti-ic IS matr ices of order ( m r’ ) and as~ ’~rib l I nq N
COP e s (i.ihere N 1 s the number of c groes of f r cerium per node) a I org
the ma in diagona l of a prev i ous I y zeroed rimtr ix. I ri add it ion , the
determinant of iSj) may be factored from the inverse.

For uni que va lues of the (Sj ) . each submotr ix i-iould have to be
i nverted. In either case, the computationa l sav ings is apprec i able:
Rather than inverting a matr ix of order I Nm x Nm ) , onl y K i nverses
of order I m x in ) ticed be taken where K I s equa l to un i ty i f a I I
shape funct ions are the same or N i f  a l l  are unique.

2.2.S Processing of S t ra in  Components

MACSYMA ’s General Pattern (latching Functions arc used to convert
user speci fications of strain coml)onents into a database from wh ich
the IB} matrix for the i soparam etric formulation anti the IBaI m a t r i x
fo m- the genera l ized coord inate method are created.

-The procedure cc imiel s te  of as soc ia t in g  l)redi c:~it~~ w i t h  ~cit tern
var iables and def in ing funct ions of forms , containing these var i ables ,
against wh ich input may be tested .

This process permits components to be specified in a calculus
notat ion.  For example , au/ax is input as O(u, x ) and a 2 u/~lx~~., may be
entered  as O(u ,x ,y) . Currently permiss ib le  forms for components are

a * O(u ,x)
a * O(u ,x) + b * O(u ,xY
u/a

where a, b represent sca la r s .
U rel)resents a displacement var iable.
x represents a g l oba l coordinate var i able.

—-
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The i,resent imp lementation w i l l  parse terms specif ying second
der i vatives but wil l  output a warning that the incorporation of such
deriy

~
t ives in the IBI or (Ba) matr ices is beyond Present

capabi l i t ies .

The database Is in matr ix form where each row contains the
Informat ion associated with a term in the spec i f i ed  s t ra in  component.
A sing le component may have more than one al gebraic term. Let t ing
OB(i , j]  denote a part icu lar element in the database , the mean ing of
the entr ies in the ith row is:

08(1,13 — the number of the component , which is the same as the row
tha t the term w i l l  occupy in the (B) or (Ba) matr ix ,

OB [i ,2] the sca l ar multiple,

0811 ,3) i ndex of the di splacement var i able w ith respect to the li s t
of disp lacement var iables ,

OBI i ,4) — i ndex of the first globa l coordinate var i able in the
der ivat ive w i t h  respect to the l i s t  of coordinate var i ab les , twjged as
the number of degrees of freedom plus unity for components of the
form , “u/a ”.

08(1 ,53 — Index as in co lumn 4 but for the second coordinate var iable
( If any I in the der i vative, set to zero since second deri vatives are
not yet imp l emented.

As an example , the database for the strain components ,

8u/8r , u/r , 8w/az , au/az + 8w/8r J

given the list of disp l acement and coordinate var i ables as I r, z I
and ( u, w 3 respectively Is

• 1 1 1 1 8
2 h r  1 3 0 -

3 1 2 2 8
4 i 1 2 B

- 4 1 2 1 13

The strain components would be entered as •

I OW ,R) , U/R , O(W ,Z) , 0(U,Z)+O (W ,R) I

The user is given the option of either spec i fying the strain
components using the above notation or by mak ing a se lect ion from a
library of pre—stored databases.

The current library options are:

(1) User—Supplied Values 

—~~~~~~~~~~~~~~~~~~~ - -
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(2) One Dimensional E l as t i c i t y
(3) . Plane Stress
(4) Plane Strain
(5) Ax i sy:nmetric
(6)-Linear. Isotropic Elasticity — 30

Options (3) and (4) reference i dentica l values arid are l i s t e d  as
• two separate options only for conformability with the Material

Properties libra ry options (see section 2.7). OptIon (1) is provided
In the event that the user has designated lIl,rary spec IfIcat ion but
the provided options are not appropriate.

Examples of both user and librar y specifications are presented in
Chapter 3. - -

2. 2.~ Generation of the (B) Mat r ices

The synthes I s of the (BI or the (Ba) matrix requires the
generation of the appropriate derivatives of the shape functions and
the assembly of these der i vatives according to the specification of
the database presented in section 2.2.5.

For the generalized coordinate formulation , the algor i thm for the
synthesis of the (Ba) matrix may be abstracted as:

Let -

NSC — the tota l number of s t ra in compone nts ,
NST — the total  number ~f s t r a i n  terms ,
NN — the number of element nodes ,
NOOF — the number of degrees of freedom per node, -

S — the vector representing the shape function ,
0, FACTOR , ROW , START , and COL are l oca l var iables.

then -

1 Zero a matr ix  of order NSC by (NN * NOOF) -

2 for i— i to NST do
3 START — (OB(i ,3) - 1) * NN
4 i f  OB( i ,4] -NOOF+1 - 

-

S t h e n O - S  
-

6 else 0 — (the der ivat ive of S w i t h  respect to the
coordinate var i able specified in OBti ,4))

7 FACTOR - OB (i ,2] -

8 ROW - 08 (1 ,1)
9 for j —1 to N(4 do
10 COL - S T A R T + j
11 Ba (ROW ,COL] - Ba [ROW ,COL] + FACTOR*O

The algor i tm for the generation of the (BI matr ix for the
i soparametric formulation is Presented in two parts: the generation of
the der iva t ives  and the assemb ly process.

~ 

—- •~~~~~~~ - - — - 
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To generate a matr ix , DIEMP, the rows of w hich contain the
der i vatives of the shape funct ions , S. with respect to the g loba l
coordinates , perform the fo l l ow ing :

Let -

WOOF — the numb~er of degrees of freedom per node ,
NW — the number of nodes ,

- 
S the vector of shape functions ,
0, JVAL are local var iables.

Then

1 Generate AOJJ, the adjo int of the Jacob ian
2 for i-i to NOOF do
3 0 — (der iva t i ve  of S w i t h  respect to

- the jth natural coordinate )
4 for i-i to WOOF do
S JVAL AOJJ (i ,j)
6 for k”l to NW do
7 DTEMP (i ,k3 = DTEIIP(i ,k) + JVAL*D (k)
8 Append a copy of S (for  the 0th der iva t i ve )  as the last ( i.e.

NOOF+lst row ) to f a c i l i t a t e  processing of terms of the form
“u/a”

The process of assembling the der ivat ives to form the (B) matr ix
is abstracted in the fo l l ow ing algorithm wh ich c lose l y resemb les i t s
counterpar t in the generalized coordinate approach.

Let

NW , WOOF , OS, OTEMP, NSC, NST - as previouly def ined
START I , START2 , ROW , FACTOR , ROW , COL are loca l var i ables

then -

1 Zero a matrix , (B) of order NSC by (NN * WOOF )
2 for i.’l to NST do
3 START 1 — (08( 1 ,3] — 1) ~ NN
4 START2 - 08(1 ,4]
S FACTOR - O B(i ,2]
6 ROW - DB(i ,1] 

-

7 for j~ 1 to NN clo 
-

8 COL - S T A R T 1 + j  -

9 B (ROW ,COL) - B (ROW,CDL) + FACTOR*DTEIIP (START2 , jJ

- Whereas the al gor i thm for the generalized coordinate approach
generates the der i va t i ves  ‘on—the—f l y ’ , the der iva t i ves  referenced in
the algor ltm above are ~restored in the OTEMP array.

To ident i fy  the occurrence of the “u/a ” forms , OB(i ,4) and hence
START2 (line 4) were set to NOOF+1. The algorithm generating DTEt1P
appends the 0th der ivat ive  of the shape function as the NOOF+lst row.
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2.2.7 Material Properties Specification

The user has two options in the specification of the Materia l
Propert ies Matr ix  of equation (9) (see section 1.2.1):

For the “User-Supplied ” opt ion, the user may enter the upper
tria ngu l ar portion of the material properties matrix in row major
format, Specif ication of a constant scalar multiple is also accepted.
Editing functions which permit the disp lay or modification of either
the matrix or scalar multiple , are prov i dcd~

The “L i brary ” option permits access to a set of pre—stored
material properties matrices. The library options coinc i de with those
for the strain component specification:

(1) User—Supplied Va l ues
(2) One Dimensional Elasticity
(3) Plane Stress -

(4) Plane Strain
(5) Ax i sy i nmetr ic  -

(6) Linear Isotropic E l a s t i c i t y  — 3D

Option (1) is provided in the event that the user has designated
library specification but the prov i ded options are not appropriate.

The l ibrary matr ices use the symbols , “E” and “NV ” to represent
Young’s Modu lus and Poisson ’s Rat io  respect ive ly .  Unt i l  an ed i t

- function , wh ich would Permit the renaming of these values , i s  cr eated ,
the user should avo i~l using these names in the specification of other
var iables.

2.2.8 Element Vo lume Modi f icat ion

The nom i na l elemental volume ii calculated as the product of the
differential forms of the globa l coordinates for the generalized
coordinate approach or of the natural coordinates for the
i soparametric formulation. -

The user may modify these forms by i nputting appropriate sca l ar
multiples. For examp le , in ax i symnmetric prob l ems, the user might
enter the factor , 2cr, as a multip le of the products of differentials;
dr*dz. The modification terms , also referred to as Auxiliary Terms,
may contain any syntacticall y correct ar i thmetic expressions.
Examples of the use of element vo l ume codification terms are presented
in Chapter 3.

These va l ues arm placed on a stack upon I nput, The system uses
the same stack to retain auxiliary terms encountered dur i ng
computation (for examp le , the determinant of (A) or of the Jacobian) . 

~~~~~
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• 2 .2.9 Dete r m ina t i o n  of the Lim i t s of In t oqi - at ion

In the qenera I i zed coordinate formul ation , nulier i c va I ucs for the
I i m i t~ of integral ion cannot be estab Ii shed tint i I the e l eiiier,t i S

I oca I ccl in the finite ci enment me sh: onl y tI- en can In,m i mt:rn and m i n i  mum
* coord i nate va I ues be cle term i ned. To c i  rcutnvE’nt &h i s prol~ I c mii the

i mi ts are taken as i dent i-f i ers formed by concalenat i rig the coordin ate
var i ab I e n ame $ w i t  Ii the st r i ngs “Mi N” and “ I i AX” (for  e~amnp I e XII I N.
XIi~~ , Vii I N and YIIAX) . The ma tr I x t emp I at c~ produced i r~ t hur.• a f unc Ii on
of these va I ues. Nuttier i ca l va I ucs fom ’ Ilmi’ —(1 1 N and —(lAX var i oh I es may
be establi shed at execution time by app l y ing the FORTRAN intrin s ic s
AI1J NT and AIIAX1 to the approp . i a te  noda l c o o r d in at e  vec to r .

I he determination of the ci s of in teqra t ion for the
- i sopar ame t,~ ic f ornmu I at I on i s cond it i ona I upon whether t he no t ur a I
coordin ates are i ndependent or dependent.

If the coordi no tes are i nciepenciont, th e uL; rr ~;prc if i es Ii N i t~
; f ro m

the set :  I •— 1 , (-3 , 1 1 wl tl i the stipul a tion th.jt the . l ower l i m i t  is
I e~~ than Il-me upper I i  mm t

I f  the coordinates are dependent • the lomi er l i m i t  m ay he spec if I ed
but the upper I i m it i & pre scr i bed by the f ol I ow i rig r e I at i onsh I p:

Let N (i ) denote the ith natural coordinate. Therm

1 i f i — 1

upper l i m i t  of N ( i )  = i—i
I — ~ Nfl) otherwise

j =1

2.2.10 Integration Processing -

The stc~ps in per forming the i ntecjreit i on for l:roth the genera I i zeci
- coordinate and i soparam at r ic  methods , c~S g i ven in equation s (2) and

( 16) res pec t i ve l y ,  are comparable:

(a) Form the quadratic form involving the (Cl ma t r i x  anti ei ther (B) or
(Bal- .

(b) Multiply the result by any auxiliary terms or element vo l ume
mcd i f icr terms which are functions of the var iab les  of intcç iation .

(c) Integrate the terms in the upper tr iangu lar por t ion w i t h  respect
to each coordin at e  and e v a l u a t e  at  the I imi t~, of interjrat ion.

2.3 Stj stem Descr ip t ion 
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2.3.1 Log ic Hierarchy

~Wdr** i s  d i v i d e d  into program un i ts c a l l  ‘phases. ’ Each phase
per forms a specific computational or system bookkeeping task.

A Phase consists of a command fi l e  and a function f i l e .  The
command fi l e  is a collection of MACSYMA commands and i nvocations of
sys tem functions and is executed via the (IACSYMA ‘BATCH’ comman d.
Phases may . i n  tu rn , execute other phases by i ssu i ng the appropr i ate
BATCH command. The function file contains the definition of the
system functions i nvoked inn the command file bnd al- I of their externa l
references. To minimize the amount of storage, the fu n c t i o n f i l e  i s
loa ded at the star t of the phase and all functions are deleted before
the phase Is exited. In addition , run conf igua t ion processes which
perform a trace , dump and break ( see section 2,6 ) are enacted ,

The general format of a command fi l e  is:

(a) Print the header message g iving the decr ipt ion of the phase ,

(b) If the phase is to be traced , tu rn on the trace f a c i l i t y ,

(c) Load the function fil e ,

(co Execute the system functions ,

(e) If specified , perform a dumli,

( f )  i f  spec i f ied , perform a break ,

(g) Remove all functions l oaded from the function file.

2.3.1.1 Hierarchy for the Isoparamet r ic Formulat ion

This section contains a listing of the phases, i n  the order i n
w h i c h they are execute d, for the i soparametric formulation. Several
of the phases are common to both formulations.

FSTAR - System Entry Point
The user i nitiates execution of the system by issu ing the command ,
‘BATCH ((FSTAR ,CMO,OSK ,AKlG],ON);’. This phase al so opens the d is k
file wh i ch is to contain a record of the execution and loads a set of
g l oba l system functions. The phase then executes phases SYINIT ,
SELECT and TERFIIN.

SY INIT— System Initialization
Set the operating environmen t , p r i n t  openi ng messages and i nput t he
user iden t i f i ca t ion .

SELECT — Method Selection
I npu t the user specification of the formulation (ic ~op a r a m et r i c  or
generalized coord i nate ) and In i t i at e execution of the appropriate

— - - --_ _ _ _ ___ _ _~~ - --—-- -—~~~ ~~~~~ - — -S
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formulat ion executive.

ISOEXC — I soparametric Formulation Executive
Execuj ’~ phases associated w i t h  the Isoparam etr ic fo rmulation. Thi s
phase requires no user input.

ISOEIN — Isopara metr ic Formulat ion I n i t i al i z a t i o n
Process user specific atio n s for the run confi gur ation (TRACE , DUMP
and BREAK set t ings) .

INPISO — Prob lem Parameter Spec if ica t i on
I nput and process user spec ificatio ns of the number of element nodes,
number of degrees of freedom per node , number of natural coorc ilnates
and the names of the g l obal coordinates, natural coordinates and
-displac ement var i ables.

SFNISO - Shape Function Processor
Input the shape functions arid, if necessary, express them in  t e rms  of
an indepe ndent set of natural coordinates.

BIIOATA — B Matrix Database Generation
Process strain component specif ications to synthesize the database to
be used in the generat ion of the (B) and (Ba) matrices.
Specif icat ions may be either by. l ibrary se lection or manua l Input.

MATERL — Material Properties Se lection -

Process specification of material properties by either library
se l ection or- manua l input.

AUXTER — Auxiliary Term Processor
I nput and store the factors modifying the elemental volume.

LIMTIS — Integration L imi ts
Check if the natural coord inates ore dependent or i ndependent. I nput
and process l i m i t s  according ly.

JACOBN — Jacob ian Generation - 
-

Form the Jacobian matrix and i ts  determinant. This phase requires no
input.

BMXISO — (B) Matrix Generation -

Form the (B) matrix as specified by the database. No user i nput is
required.

INTISO - Integration Processor
See section 2.2.10 IntegratIon Processing. No user input Is required.

OISIPP — Disp lay Pre—proces áor
A l gebraical ly s imp l i fy  the results of the integration phase to
f a c i l i t a t e  evaluation. User input is not required.

DISPLY — Disp lay Processor
Input user s pecif icat ion of the output format of the s t i f f ness

_ _ _  ---— ..
~~~~
--
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matrix. Process accordingly.

TERMIN — System Termination
Print ,closing messages, close the f i l e  containing the record of the
execution arid process the spec i f icat ions for terminating the run.

2.3.1.2 Hierarchy for the Generalized Coordinate Formulation

This sec t ion  contains a l i s t i n g  of the phases , In the order in
wh i ch they are executed , for the generalized coordinate formulation.
For phases wh i ch are common to both formulat ions reference is made to
the description in the previous section.

FSTAR - System Entry Point 
-

(See previous section)

SYINIT — System Initialization
(See prov ious sect ion )

SELECT — Method Select ion
(See previous section)

GECEXC — General ized Coordinate Formulation Executive
Execute phases associated with the generalized coordinate
formulation. No user input is required.

GECEIN — Generalized Coordinate Formulation I n i t i a l i za t i on
Process user spec i f i ca t ion s  foe the run confi guration (TRACE , DUMP
and BREAK settings ).

INPGEC — Problem Parameter Spec i f i ca t i on
I npu t and process the user specifications for the number of nodes,
num ber of degrees of f ree dom per node and t he names of the
disp l acement and globa l coordinate variables.

SFNGEC — Shape Function Processor
Input and process shape functions ,

BMDATA - (B) Matrix Database Generation
(See prev ious section )

MAT ERL — Mater ial  Properties Select ion
(See previous sect ion ) -

.

• AUXTER — Auxi l iary Term Processor -

(See previous section)

LIMTGC — Integrat ion L im i t s
Oetermine the l imits of integration.
No user i nput is required.

A(IXINV — I nversion of the (A) Matrix
See the al gorithm in section 2.2.4. No user I nput Is required.

-

~

--- -— -

~
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BIIXGEC — (Ba) Matr ix Generation -

Form the (Ba) matr ix  as specified by the database. No user i nput Is
re qui . re~d.

INIGEC — Integration Processor
See the description in section 2.2.10. No user i nput is required.

OISGPP — Disp l ay Pre—processor
A l gebra ica l ly  s i m p l i f y  the form of the st iffne ss matrix to facil itate
eva lua t ion. No user input is required.

DISPLY — Disp l ay Processor
(See the previous sect ion )

TERMIN — System Termination -

(See -the previous section )

2.3.1.3 Execution Hierarchy

Upon complet ion of a phase, control returns to the module which
issued the BATCH command invok ing i t .  For phases ISOEIN through
OISPLY for the i soparametric method , the i nvok i ng module is  ISOEXC
which then executes the BATCH command for the next phase in that
sequence. An i dentical relationshi p exists between the sequence of
phases GECEIN through DISPLY w i t h  respect to GECEIN for the
generalized coordinate formulation. When execution of these
exe c u t i v e  phases is  compl eted , control reverts to SELECT. Phase FSTAR
executes phases SYINIT , SELECT and TERIIIN.

This  hierarchy is advantageous in that i t  f a c i l i t a t e s  the
reorgan i zation of existing phases and the add ition of new or
a l te rnat ive  ones.

2.3.2 Data Flow

Data Flow refers to the transfer of data values among the
different program segments wh i ch compr i se the system. The

- d e s i g n a t i o n , ‘system va l ue ’, wi l l  refer to those va l ues which
represent a major term in the computation and wh i ch are not local to
the phase in wh ich they are created.

lIACSYMA ’ s rules of scope are s im i la r  to those imp l emented in ALGOL
60. Thue, system va lues are a utomat ica l ly  placed in a globa l poo l ,
the MACSYMA ‘VALUES’ list , simply by not declar i ng then l oca l to any
function, Parameter s l oca l to a func t ion appear in brackets at the
t,eg inn i ng of the function body as prescr ibed by MACSYMA syntax.

To i ncrease programm i ng clarity, the follow i ng design decisions
re l a t i ng to data  f l o w  were ma de:

(a) System va l ues are returned only through functions exp l icitly

~
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in voked in command files. I1ACSYMA functions , l ike LISP functions ,
can only return a single va l ue. . If m ultiple values are to be
generated by the same function , they are returned as elements In a
simpl e list and unpacked In the command file.

(b) Parameters of a function must appear i n  the argument l i s t .
Though the system values are global in scope and thus referencable in
t he body of  any f u n c t i on,- this stipulation was made in keep i ng with
good program modu lar i ty .

User specified values of element vo l ume modification factors and
other auxiliary terms are retained aria simple stack. This stack is
also used to retain va l ues resulting from inte rnal computat ion (for
example, the determinan t of the Jacob ian and of the CA) matrix ).

The integration processor examines the stack for expressions which
are fu nc t i ons o f the var i ab les  o f i n t e gr a t i o n and mu l t i p l i e s  them i n to
the quadratic form (see section 2.2.10). The display processors w i l l
ident i f y  those e lements  i n t he stac k wh i ch are not f u n c t i o n s  of these
integration var i ables and collect them into a sing le expression. This
expression constitutes a common factor of the s t i f f n e s s  mat r i x .

A list of system values , the phase in wh i ch they are created
(desi gnate d i n paren theses) and a bri ef de f i n i t i on f o l l ows:

AINVERSE - (AMXINY)
The factored [A) matrix , referred to as IAJ) in section 2.2.1

BIIATR IX — (I3IIXISO, B)IXGEC)
The (B) or (Ba) matr ix

BMATR IXO AT A BASE - (BMDATA)

Database containing the specification for the synthesis of the (B) of
(Ba) matr ices (see section 2.2.6)

BREAKPOINTS - (ISOE IN , GECEIN)
List of the phases for which a BREAK is requested

OELAYSI.JITCH - (SYS INT )
Batch f i l e  processing swi tch , in i t i a l i zed  to ‘ON’, necessary to
overcome the ina bi l i t y  of MACLISP, the base language for MACSYMA , to
have mor e than one f i l e  open at a time.

OETA (IATRIX - (AMXI NV)
Determinant of the (A) matr ix

OETJACOB IAN - (JACOBN)
Determinant of the J•cob ion matr ix  

-

OUIIPPOINTS - (ISOC M, GECEIN)
List of the phases f or which a DUMP is requested

DISPLACEMENTS - (INPISO , I NPGEC )

-- - — - - -~~~~~ -4
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List of the names of the disp l acements

FACTOR - (OISIPP , OISGPP)
Common scalar m u ltiple of FUNCTIONAL

FUNCTIONAL - (INTISO, INTGEC)
Matri x of stiffness coefficients w i t h  common m u l t i p l e s  factored

GLOB ALCOOROS - (I NP ISO , I NPGEC)
List of the names of the globa l (geometry) coordinates

HELP — (SYINIT)
String entered to request the he l l) text , initialized to ‘?‘

JACOB IAN - (JACOI3N)
The Jacobian ma t r i x

LIMITS — (LII1TIS, LIMTGC)
Matrix , the rows of wh i ch contain the upper and lower l i m i t s  of
integration -

MATER IALSMATRIX - (MATERL .)
Material properties matrix with common multiple factored

MATER IALS IIATRIX MULT IPL IER - 
- (MATERL)

Common multiple of MATERIALSMATR IX

METHOD - (SELECT)
Integer correspond i ng to the chosen formulation: 1~~i soparamatri c ,
2..general ized coordihate

NATURALCOOROS - (INPISO, INPGEC)
List of the names of the natural coordinates

NOOF - (INP ISO, INPGEC)
Number of degrees of freedom per node

NUF1NATURAL - (INPISO . INPGEC)
Number of natural coordinates

NUFINODES — (I NP ISO, I NPGEC)
Number of element nodes

NUIISTRA I I9COIIPONENTS - (SMOATA)
Number of stra in components

NUMSTRAINTERMS - (BIIOATA)
Total number of strain terms; a strain component may contain more
than one algebraic term

PHASENAMES - (ISOEIN, GECEIN)
Lis t of phase names
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SHAPEFUNCTIONS - (SFNISO , SFNGEC)
Matri x , the rows of which contain the shape functions

STACK ,~- (SY1NIT , AUXTER)
Push—down stack containing the element vo l ume m o d i f i c a t i o n  factor s ,
and auxiliary terms

STACL’POI NTER - (SYINIT) -
Pointer to just be l ow the top element in STACK

TRACEPOINTS - (ISOEIN , GECEIN) 
-

L is t  of the phases for which a TRACE is requested

USERNAME - (SY INIT )
User i de ntification; used to name the Record File

2.4 Help Text

Anticipating that diagnostic messages and prompts may not provide
sufficient information about a particu l ar in put  value , a mechanism
providing on—line assistance is incorporated. -

The user may answer any promp t with “?“ and a brief hell) text w i l l
be pr inted at the terminal , The text contain s a de scription-of the
requested i nput and , if a selection is to be made , ai~ enumeration of
the alter natives.

Upon exiting the help text , con t r o l  re tu rns to the promp t for  the
i nput. -

2.5 I nput and Output Functions

2.5.1 Record File

To assist in diagno stics and system deve l opment , a record of each
execution of the system is made. The record is w r i t t en  to a disk f i l e
and contains a copy of a l l  user i nput , command executions and system
dumps. -

2.6.2 Input and Output Foc i l i t  les

In the default mode , MACSYMA commands are echoed at the terminal
as they are typed in if entered interactively or as they are executed
if prestored on a disk file. A command terminated with a semicolon
w i l l  disp lay the returned va lue, wh i l e  i f  terminated w i t h  a dol lar
sign, w i l l  not. A l l  output to the termina l , exc l u di ng the echo of
typed input is suppressed If the switch , ‘TTYOFF ’ Is set to TRUE.
This condition prevails until the switch is reset to FALSE .
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As ~c**** is intended to be an interactive system , It is necessary
t o se le c t i v e l y  suppress output to the user ’s term i n a l :  the echo of
commands and the automatic disp lay of the resul ts  re t r ieved by
func t )~ons i.e prevented but prompts, he l l) text, error niessages and
requested values are disp layed. In addi t ion , a complete record of user
i nput , all command executions and values returned by command l eve l
functions Is placed on the file containing the record of the
execution. To accomplish - this, the follow i ng steps were imp l emented:

(a) A l l  function calls in the command files are terminate d with a
dollar sign thus suppressing the automatic disp l ay of returned values.

(b) The TTYQFF switch is set to TRUE in phase FSTAR. System output
functions locall y set TTYOFF to FALSE, execute MACSYMA dis play
commands and then reset TTYOFF. Thus all output is suppressed except
that which is channe l ed through the system output - functions.

(c) Since TTYOFF only affects output to the user ’ s term ina l , the f i l e
containing the record of the execution is unaffected.

2.5.3 I nput Characteristics

The use of the MACSYLIA ‘READ’ function presents some d ifficulties ,
The function wi l l  read in and eva l uate one expression. If the i nput
corresponds to the name of a var i able local to the function containing
the READ or one in the globa l poo l , the evaluation step causes the
i nput expression to be rep l aced by the va l ue of that var i able. The
resolut ion was prov ided, upon request from MACSYIIA system programmers
i n the form of th e here tofore  undocume n te d ‘REAOIN’ function. The
specIf ication for the READIN function is the same as tha t for READ
with the exception that the i nput expression is not evaluated.

Al l  i nput is format free with the exception that expressions must
1e terminated with either a semico l on or a dollar sign. It is not
necessary to press the RETURN key. Either upper or lower case may be
used.

2.6 Run Configuration -

Run Confi guration refers to the state of the TRACE, BREAK and DUMP
f a c i l i t i e s  which may be set for individua l phases. These features are
intended pr imar i l y  for system maintenance.

The TRACE f a c i l i t y  causes an echo ing of the commands In the
command f i l e  as they are executed.

If the BREAK swi tch is set for a phase , execution w i l l  be
suspended just pr ior to the phase termination and control w i l l  rever t
to MACSYLIA command level .  Execution resumes upon entry of “EXIT; ”.

Whereas TRACE and BREAK processes are intended purel y for system

~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
_ _



F-- _ _

SYSTEM I MPLEMENTATION 28

maintenauico , the DUMI ’ feature may be valuable to the user . If UUMP 15
set , the system values generated dur ing a phase are disp layed at the
user ’s console. I ndependent of this setting, these values are always
clumped to the fil e  containing the record of the execution. As certain
dumps are quite l enghty, this feature should be used judiciously.

The run confi guration may be set in the phases ISOEI I4 and GECEIN.

2.7 Error Recovery

System error recovery emcompasses’ three processes:

(1) Semantic errors are trapped dur i ng error checking, by sys t em
functions. A diagnostic is l)rinted and the user is prompted to
re—enter. If the diagnostic offers insufficient exp l anation , the user
may - answer the promp t with “ ? ; “ wh i ch i s  the request for  the he l p
text.

(2) Syntactic errors are trapped by IIACSYMA. The erroneous input is
echoed alon g i-iith a pointer indicating the subexpression in error . A
dia gnostic i s Printed and the message, “Please rephrase or edit ,” i s
displayed. The user may either retype the i nput or press the escape
key to enter the MACSYIIA editor . The editor , a der i vative of TECO, is
documented in Bogen L7I .

(3) Errors wh i ch cannot be trapped by either . of the above procedures
are associated with a system faIlure and arm y fa ta l .  The system w i l l
attemp t to shutdown as neatly as pos SIble by preserving the globa l
poo l of values and closing the file contai ning the record of execution
so that diagnostics may be run. A message directing the user to

- source-s of assistance is disp l ayed and the user Is quer i ed for the
system term ination procedure as in a norma l run.

2.8 Limitations

The l imitations of the present system are:

(a) Each node must have the same degrees of freedom;

(b) Each degree of freedom must be represented by the same shape
function;

(ci Allowable forms for the specification of strain components are:
a * O(u, x)
a * D(u ,x) + b * O (u,x)
u/a

where ‘a’ and ‘b’ are sca l ars , ‘u’ represents a disp lacement var iable
and ‘x ’ represents a geometry (globa l coordinate ) var iable ,

(d) Prob l em size is limited by available list space on the computer

- - -
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supporting MACSYIIA.

Minor modification w i l l  permit the process ing  of second
deriv~ -tives anciprovi sions in the program have been incorporated to
f a c i l i t a t e  the e l im ina t i on  of res t r i c t ions  (a) and (b) .

2.9 Imp l ementation- of Elemen t Loads, Mass and Stresses 
-

The present version of the processor may be extended to Permit the
imp lementat ion of the quant i t ies  def ined in sect ion 1.2.3.

Many of the constituent matrices are formulated as par t of the
synthesis of the st iffness matrix. These inc l ude the (81 and - (C)
matrices and the matrix of shape functions. The remain ing constituent
matrices may be taken from user specification of (mi , (fbi , (ff1 , ( e u
and the names of the nodal displacements.

Integration functio ns can be used to eva lua te  the required vo lume
and surface integrals. 

- 

~~~~~~-~~~~~~--~~~- ~~ -- - - - -
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- Chapter 3 -

ILLUSTRAT IVE EXAMPLES

lhi s chapter presents 
- 

a number of i I f us t r ) t i ye examp I c-s pr oce 5 secl
on *~~~**. The bul k of the presentation consist s of the execution
record. Comments are placed in angle brackets ( ‘ <“ , “>“ ) and i-iere
not par t of the execution.

The i nterna I storage scheme for the st if fnesc~ matr ix i s a vec tor ,
“FUNCT IONAL ” , containing the e I ernen t s of the l ower tr i ançju l ar port i on
in rou, major format and a var i able , FACTOR” , containin g , the common
n itil t ip le of each e lement .  in the ver i ficatio n sections for each
example , these q ua n t i t i e s  are re t r ieved and MACS’(I1A func t I ens. ~re used
to recast the result s in to a l t e r n a t e  fo rms and to esta b lish
i c lent i  t i e s .

MACSYMA functions emp l oyed in the verific ation sections inc l ude
EV , i-ihi cli evaluates its f i r s t  argume n t in the environment spec i f i ed by
the :~einan i ng arg u rnen t s , and FACTOR , i-ih i ch fac tors  i ts  argument i n to
factors irreducible over integers. (ihe function, FACTOR , 

- 
should not

- be confused with the ****~ var iable , FACTOR. They are reach ly
disti n gu isa b le in that the function requires an argument - in
parenthesis ). Detai ls of these and the other funct ions may be found
in reference (7). -

The examp l es ore l)resentcd as follows:

Section 3.1 — Bar Element w ith Uniform Cross-Sectional Area
Part 3.1.1 — General ized Coordinate Formulat ion
Part-3 .1.2 — Isoparametr ic Formulat ion
Par t 3.1.3 — Compar i son and Verification

Section 3,2 — Bar Elemen t with Linear Variation of Cross—Sectiona l -

Area
Par t 3.2.1 — Generalized Coordinate Formulat ion -

Par t 3.2.2 — l soparametric Formulat ion
Par t 3.2.3 - Compar ison and Ver ification

Section 3.3 Constan t Strain Tr i angle (CST) w i t h  Uniform Thickness
Part 3.3.1 — Generalized Coordinate Formul ation
Par t 3.3.2 — I soparametric Formulation
Par t 3.3.3 - Compar i son and Ve ri f i c a t i on

Soction 3.4 — Four Node Quadrilateral
P.-irt 3,4.1 — Ge ne ral ized Coordinate Formul ation
F’ ar t  3.’i.2 — Calibration
Part 3.4.3 - I soparanietric Formulation



r~ 
— 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
_ _

-
~~ c

31
ILLUSTR AT IVf -  EXAIIFt E S 

-

l he fina l section is devoted to a d i s c u s s io n  of the algebr aic form -

- - - of the res ul ts .  - -
,

- ~-i I
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3.1 Bar Elemer. with tJnifo rm Cross-Scct ona l Area

<Thq ‘bar element has one dieqree of freedom , in  the ax i a l  d i r e c t i o n ,
and - i s mode I ccl us I ng a linear cli sp I acemeii t func t i on. >

3.1.1 Generalized Coordinate Formulation

<Immedi atel y subsequent to the LOGIN procedure , a COPY of MACSYMA is
I oaded ( via “ ; A”) and the BATCH com m and i s i ssued to initiate
execution of *****.>

This i s  FIACSYMA 266
FIX2SS 8 06K IIACSV:1A be ing loaded
load ing done

(Cl) BATCH ( (FSTAR ,CMO,OSK ,AK1G],ON);

(C2 ) TTYUFF:TRUEI

* SYSTEM INITIAL IZAT ION *
WELCOME TO ***** VERSION 1. 0 -

It is  now THURSDAY DECEMBER 1,1977 18:2:10
The current file is [SY1NIT , FCN]
The current device and username is (OSK , AK 1GI

Repor t prob l ems to
ALAN R. KORNCOFF
DEPT. OF CIVIL ENGINEERING
CARNEGIE--MELLON UNIVERSITY
CI1U-~i0A , AK1G -

Terminate all i nput w ith a SEMICOLON -
I npu t ‘?; ‘ f or HELP

I nput your LOGIN NAME
?
AK1G; ,

Is AK1G correct 7 (YES; or NO; )
? -

YES;

GREETINGS AK1G

* METHOD SELECTION *
The avai lable formul ation s inc l ude

(1) THE I SOPARAMETRIC METHOD
(2) THE GENERAL IZED COORDINATE METHOD

--

~

-— - -

~

- - --

~
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P I ease emi t er t i- me number of the Inc t hod chosen (.1 OR 2)
‘2

GENERALIZED COORD INATE FORMULATIO N

* GENERAL IZED COORD INATE FORMULATION EXECU 1 IV E ‘,~

~~ GENERAL. I ZED COORDI NATE -FORF1ULAT JON I NI TI AL) ZAT I ON ~

Do you w i s h  to set DUMP, BREAK or TRACE POINIS
‘2
YES ;

1. GECEIN 2. INPOEC 3. SFNGEC 4. BI1OATA
S. MATERI. 6. AUXTER 7. LIF1TGC 8. AMXIN V
El. [3M)(GEC 18, INIGEC 11. 0166FF 12. DISPL Y
SET DUMP PO INFS
Desi gnate selected PHASES by entering
the associated integer I NDEX or ‘ALL ’ for all  l)hases.
Type ‘END’ to TERMINATE.
7

2; -
‘2
4; -

6;
7
END; - 

-

1. GECEIN 2. I NPGEC 3. SFNGEC 4. E3MDATA
S. tIATERL 6. AUXTER 7. LIMTGC 8. AMXIN V
S. BI1YGEC 10. INIGEC 11. OISGPP 12. OISPLY
SET BRFAKPOINTS
Designate se l ected PHASES by enter i ng
ti -me associated integer I NDEX or ‘ALL ’ for all phases.
Type ‘END’ to TERMINATE.
‘2

EM:’;

1. GECEIN 2. INPOEC 3. SFNGEC 4. (3MDATA
S. IIATERL 6. AUXTER 7. LIMTGC 8. AFIXINV
9. BIIXCEC 10. INTGEC 11. OISGPP 12. OISPLY
SE1 TRACE PUIN1S -

Desi gnate sel ected PHASES by enter i ng
the associated integer I NDEX or ‘ALL ’ for all phases.
Type ‘END’ to TERMINATE.
‘2
END;

* PROBLEM PARAMETER SPECIFICATION - GENERAL I ZED COORDINATE *
I miput the NUMBER OF ELEMENT NOOES
7 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



—~~~ - . -~~~~~~~~~~~~~~~~~~~~~~~~~~~

III. IJSTRAT i VE EXA MItES- 34

Input the NUMBER OF ~1EGREES OF FREEDOJ 1 PER NODE
? - /
1; -

I nput the vector of ti-ic NAMES OF TIE GLOBAL COORDINATES
1 here should be 1 e l e m e n t s
ELEMENT 3.

I npu t ti-ic vec tor of the NAMES ‘OF THE DI SPLACEF1ENT VARI ABLES
There should be 1 elem ents
ELEMENT 1 =

U;

DUMP- FOR I NPGEC -

NUMNODES 2

NODE = 1

- 

- 

GLOBAL COOROS = LX ]

- DISPLACEME NTS [U)

~~ SHAP E FU NCT ION PROCESSOR - GENERAL IZED COORD INATE *

ENTER the terms of the SHAPE FUNCTION ordered from
GENERAL IZEO COORDINATE 1 through coordinate 2.
ELEMENT 1
1;
ELEMENT 2

< This i nput represents the disp l acement function: u = al + a2*x , in
wh i ch “al”  and “a2” are the .gcnerali :ed coordinates.>

SHAPE FUNCTION MODIFICAT i ON
The OPTIONS are
(1) DISPLAY THE SHAPE FUNCTIONS
(2) MODiFY THE SHAPE FUNCTIONS
(3) TERMINATE THIS FUNCTION

Enter the NUMBER ASSOCIATED wit h the CHOSEN OPTION
7

The terms of the SHAPE FUNCTION arc
Term 1

I

Term 2

I 

- 

- 

---- -- _ - - -~~~~~~~~~~~~~~~~~~~~ - - -~~~~~~~ -~~~~~~~~~-_-~~~~--- _-
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Enter the NUMBER ASSOCIATED w i t h  the CHOSEN OPTION

3;

* B MATRIX DATABASE GENERATION *
Thu OPT I 0146 for spec i fy i nq STRAIN COI1PONENTS are

(1) USER-SUPPLIED VALUES
(2) LIBRARY VALUES

Please ENTER the NUMBER ASSOCIATED WITH YOUR SELECTION
7

2;

The LIBRARY OPTIONS for SPECIFYING STRAIN COMPONENTS are
(1) LISER—SUPPL I ED VALUES
(2) ONE DII1ENS I ONAL ELASTIC ITY -

(3) PLANE STRESS
(4) PLANE STRAIN
(6) AXISYMIIETRIC
(6) LiNEAR ISOTROPIC ELASTICITY - 3D

Please ENTER the NUMBER ASSOCIATED WITH YOUR CHOICE
2
2;

< The library contains pro—stored strain components specificatio ns in
the database format descr il,ed in sect ion 2.2.5 .>

DUMP FOR BIIDATA
BMATRIXOATABASE = L 1 1 1 1 0 3

NLIMSTRAINTERIIS 1

NUllS IRA I NCOI’1PONENTS = 1

* MATER i AL PROPERT IES SELECTION *
The options for the se lect ion of the MATER iAL PROPERTIES MATRIX are
(1) USER-SUPPLIED MATRIX -

(2) LiBRARY MATRIX
Please enter the NUMBER ASSOCIATED WITH YOUR SELECTION
7
2; -

The LIBRARY OPTIONS for SPECIFYING MATER I AL PROPERTIES are
(1) USER-SUPPLIED VALUES
(~

) ONE DIMENS IONAL ELAST ICITY
(3) PLANE STRESS
(4) PLANE STRAIN
(6) AXJSY M1IETRJC
(6) LINEAR ISOTROPIC ELASTICITY - 3D -

~ 

~~~~~ — -- ----------~‘—-- - ~~~~~~~~~~~~~~~~~~~~~~~ _ . _
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Pl ease ENTER the NUMBER ASSOCIATEO WIT H YOUR CHOICE
?
4. .

OIJIIP FOR MATERL j
- rIATERIALS I1ATRIX = 1 1 3

FIATER IAL SMAT RJXM ULTIP L IER = E

t I

* AUXILIARY TERM PROCESSOR *
ENIER ELEMENT VOLUME MOOIF ICAT I ON FACTORS OR AUXILIA RY TERMS
TYPE ‘END; ’ to TERMINATE
7 -

A;
7

END;

ALIXILIA RY TERI1 MODIFICATION
The OPTIONS are - }

(1) DISPLAY THE AUXILIARY TERMS
(2) MODIFY AN AUXILIARY TERM
(3) TERMINATE THIS FUNCTION

Enter the NUMBER ASSOCIATED with the CHOSEN OPTION
7
3; 

-

* INTEGRATIO N LIMITS - GENERAL IZED COORDINATE *
* I NVERS I ON OF MATRIX . A *

* B MATRIX GENERATION — GENERALIZED COORDINATE *
- 

- * iNTEGRATION PROCESSOR GENERAL IZED COORDINATE *
* DISPLAY PRE-PROCESSOR - GENERALIZED COORDINATE *
* DISPLAY PROCESSOR *

The options for OUIPU1TING the STIFFNESS MATRIX are - 
-

(1) Upper triangu l ar portion in algebraic format
(2) FORTRAN CARD IIIAGE format

ENTER the NUMBER ASSOCIATED with YOUR SELECTION.
7

Enter the FORTRAN ARRAY NAME for the STIFFNESS MATRIX J
?
STIFF;

- ii: 
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ilul t i plL J each coefficient by

~A*E/ (X (2) —X (1)) **2

The STIFFNESS IIATRIX is

ST IFF (1,1) = — (X t 1IN~XMAX )
r STIFF (2,1) XMJN—X I1AX

STIFF (3,1) = — (XLIIN-XMAX )

* * SYSTEM TERMINATION *
That ’ s a l l  for now , AK1G
It is now 12/1/77 1S:13:57

Acc um ulated CPU TIflE 18348 I1SEC

A record of th is  session is recorded in fil e  (AK1G , > , 06K, USERS

- The options for cxi t i nç j  the system arc
(1) TERMINATE THE RUN
(2) TERMINATE THE RUN AW E) THE JOB
(3) TERMINATE THE RUN, THE JOB AND LOGOUT

Please enter the number of the option chosen (1, 2 or 3)
‘2
3;
Accumulate d CPU TIME = 18642 MSEC
TERMINATE ANI) LOGOUT -

LOGOUT

<The system automaticall y issued the “:LOGOUI” command. Deta ils of
the termination procedure are given in the Appendix.>

<Optio n 1 of the DISPLAY PROCESSOR would prov i de the fol lowing
out put:>

The opt ions for OUTPUTTING the STIFFNESS MATRiX are
(1) u pper triangu l ar portion in al gebraic format
(2) FORTRAN CARD IMAGE format

ENTER- the NUMBER ASSOCIATEO with YOUR SELECTION.
7
1;

Mu l tiply each coefficient by
A E

- 

2
(X - X )

2 1

---—-

~

- -

~

—- --~~~~~~
- —--

~
-—

~~~~~~~~~~~~~~
- -
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11014 1,/COL 1

- 

- (XMJN — XIIAX)

ROW 2, COL 1 
-

XIIIN - XI1AX

ROW 2, CDL 2

— (XIIIN — XMAX)

3.1.2 Isoparam etric Formulation

* SYSTEM INITIAL iZATION * -

WELCOME TO **~~*;
•( VERB I ON 1.

I t is now THURSDAY DECEMI3ER 1,1977 1:41:26
The current f i l e  is (SY INIT , FCN)
The current device and usernome is (OSK , AK1GI

Report prob l ems to
ALAN R. KORNCOFF
DEPT. OF CIVIL ENGINEERING
CARNEG I E-I1ELLON UNIVERSITY
CI1U-IBA , AK1G

Terminate all  i nput with a SEMICOLON -
I i,put ‘?; ‘ for I-IELP

I npu t your LOGIN NAME
7
Ak’lG;
Is AK1G correct 7 (YES ; or NO;)
7

YES;

GREETINGS AK1G

* METHOD SELECTION *
The avai lal,Ie formulations include

(1) THE I SOPARAMETRIC METHOO - - 

~~-~~~~~~- --~~~~~~~~~~~ --_-- —-_ - - - 
~~~
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(2) T HE GENERAL ) ZEO CO(~ UI NATE Ill: THOU

P I ease eu t or the number of the inc t hod cI-uo:~en (1 OR 2)
7
1~ 

-

I ~OPARAl1E IR I C FORIIULAT I ON

* I SOPARAT1U TRI C FORT1L ILAT I~)N EXU CUT I YE

* I SOPARARIIETR IC FORI1ULAT ION I NI TI AL I ZAT I ON

Do you w i s h  to set DUMP, BREAK or TRACE POINTS
?
NO; 

-

~ PROBLEM PARAMETER SPEC IFICAT ION - I SOPARAI1ETRIC *

I ruput the NUMBER OF ELEMENT NODES
.7

I u~put the NUMBER OF DEGREES OF FREEDOM PER NODE
.7

1:

I ruput the NIJI1BER OF NATURAL. COORDINATES
.7

1;

Input the vector of the NAMES OF THE NATURAL. COORD I NATES
There should be 1 elem e nts
ELEMENT 1
L;

Input the vector of the NAMES OF THE GLOBAL COORD I NATES
There shou l d be 1 ele ment s
ELEMENT 1

I npu t the vector of ‘the NAMES OF THE DISPLACEMENT VAR IABLES
There should be 1 elements
E1.EIIEN1 1 —

U;

* SHAPE FUNCTION PROCESSOR - ISOPARAMETRIC *
ENTER the terms of the SHAPE FUNCTION ordered from
u~ode 1 through node 2.
The 2 ele ments w i l l  be prompted for
ELEMENT 1
.S*(.L—L)
ELEMENT 2 -
6* (1 4-L) 

~~~~~~~~~~~ -~~~~~~~~~~~~~~~~~~~~_
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— Th i n i nput represents the cli np 1 acemen t equa (ion:
u O.S~ (1— I) + 8.&*(1+I) .>

Sl -IA l-~E FUNC TI ON MOO IF I CAT ) ON
The OPTIONS are

(1) DISPLAY THE SHAPE FLINCTIONS
(2) MODIFY THE SHAPE FUNCTIONS
(3) TERMINATE THIS FUNCTION

Enter the NLItIE3ER ASSOCIATED with the CHOSEN OPTION
.7
1; I

The terms of the SHAPE FUNCTION are
Term 1

e.S~ (1 - L)

Term 2
(3,S* (L + 1)

Enter the NUMBER ASSOCIATED w i t h  the CHOSEN OPTION
7
3;

* B MATRIX DATABASE GENERATION *
The OPTIONS for s peci fy ing STRAiN COMPONENTS arc

(1) USER-SUPPL I ED VALUES
(2) LIBRARY VALUES

Please ENTER the NUMBER ASSOCIATED WITH YOUR SELECTION
7
-I

The LIBRARY OPTIONS for SPECIFYING STRAIN COtlf’ONUNTS are
(1) USER—SUPPLIED VAL UES
(2) ONE DIMENS I ONAL. ELASTICITY
(3) PLANE STRESS
(4) PLANE STRAIN
(S) AXISYM1IETRIC
(6) LINEAR I SOTROPIC ELASTICITY - 3D

Please ENTER the NUMBER ASSOCIATED WITH YOUR CHOICE
7
2:

* MATERIAL PROPERTIES SELECTION *
The options for the se l ection of the MATER I AL PROPERTIES MATRIX are

(1) USER-SUPPLIED MATRIX
(2) LIBRARY MATRIX

Please enter the NLII1BER ASSOC IATED WITH YOUR SELECTION
7
-I
4;
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1 he I. I BRAPY OPT I OWS for SPEC I FYI WG MAT ER I Al. PHOPE P T I ES are
(1) USER-SUPPL IED VALUES
(2).ONE DIMENSiONAL . ELASTICITY
(3) PLANE STRESS
(4) PLANE STRAIN
(5) AX ISYM1IETRIC
(6) LINEAR ISOTROPIC ELASTICITY — 30

Please ENIER the NUMBER ASSOCIATED UITH YOUR CHOICE
?
2;

* AUXILIARY TERM PROCESSOR *
ENTER ELEMENT VOLUME MODIFICATION FACTORS OR AUXILIARY TERMS
T YPE- ‘END; ’ to TERMINATE
.7

A; -

.7

END;

AUXILIARY TERM MODIFICATION
ihe OPTIONS ore
(1) DISPLAY THE AUXILIARY TERMS
(2) MODIFY AN AUXILIARY TERM
(31 TERMINATE THIS FUNCTION

Enter the NUMBER ASSOCIATED w i t h  the CHOSEN OPTION
.7

3;

* iNTEGRATION LIMITS - I SOPARAIIETRIC *
ENTER the LIMITS OF INTEGRATION for NATURAL COOROINATE , L
LOWER LIMIT -

—1 ; -

UPPER L I M IT
?
1;

* JACOBIAN GENERATION - I SOPAPIAMETRIC *
* B MATRIX GENERATION - ISOPARAMETRIC *
* INTEGRATION PROCESSI NG — I SOPARAMETRIC *
* DISPLAY PROCESSOR *

The options for OUTPUTTING the STIFFNESS MATR iX are
(1) Upper triangu l ar portion in algebraic format
(2) FORTRAN CARD IMAGE format
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ENTER the NI11113ER ASSOC I ATED iii th YOUR SELECI ION.
?

Multip l y each coef fi c ien t by
2*A*E

- X -X
2 1

ROW 1, COL 1

1

2

ROW 2 , COL 1

1

2

ROW 2, CDL 2

. 1

- - . - - - 2 - - :
~~ 

- - -

* SYSTEM TERMINAT I ON * -
- -

Tha t ’s a l l  for now , Ak’lG
It is now 12/1/77 1:45:24

Accumulated CPU TIME = 17040 MSEC

A record of th is  sess ion is recorded in f u n  IAIC1G , >, 05K , USERS ]

<D i sp l ay opt ion 2 produces:>

The opt ions for OUTPUTTING the STIFFNESS MATRIX are
(1 ) Upper triangu l ar portion in algebraic format
(2) FORTRAN CARD IMAGE format

ENTER the NUMBER ASSOCIATED with YOUR SELECT I ON.
.7

2;

Enter the FORTRAN ARRAY NAME f Or the STIFFNESS MATRIX
.7

STIFF;

I
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flu l t i p l q each coefficient by

-
- ,~ * A * E / ( X ( 2 ) — X ( 1) )

T he STIFFNESS MATRIX is

ST IFF(1, 1) 1/2 -

STIFF (2,1) = — 1/2
ST !FF(3 ,1) 1/2

3. 1 • 3 Compar I ~-,oi-i 011(1 \‘er if 1 cat i on

<The f i l e s ,  (%1G ,v a I5 )  and (%II,v a l s )  contain the va I ue5 generated
d uring the runs in sections 3.1.1 and 3.1.2 re s pec t iv e l y. For the
Purposes of couiipar i son , for the ciene,-a Ii ~ecl coorci i note fo rmu la t ion ,
the coordinate , “X” , is taket, to be a min i mum at node 1 and a max i mum
at node 2 ( i .e .  x ( 1)<x (2 )  ) ,  > -

t ime ’ s ‘1 meec.
(01) (OSK , AK1G]

(C2) LOAOF ILE (%1 I ,VALS);

%1I VALS 09K AKIG be i ng l oaded
I cad i ny done
t i r ~e= 291 rnsec.
(02) DONE

(C3) FUNCTIONAL. ;
tim e= 13 Insec.

( 1 )
( — )
(2 )

( 1 ]
(03) ( - - ]

2)
( )
( 1 )

- ( — 3
( 2 ]

(C4) FTL: FLINCTIONAL*FACTOR;
ti m e ”  15 mr ,ec.

A E  )
I 3

X - X
• ( 2 1 3

2 A E  3

~

---

~ 

-- 
mA - - -~~~ 

_ _ _
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(flIo )  I 
C 2 (X - X l ]

2 1 )
V /

- ( A E  3
- I 3

C )( - X  3
- (  2 1 1

(CS) FACTOR (%);
t ime.. 78 tnsec.

- I A E  I
] ¶

( X - X  3
( 2  1 ]
I ]

- I A E
(OS) I 

C X - X  3
1 2 1 ]
C I
I A E  I
C I

X — X  I
( 2  1 ]

< This is the l ower triangu l ar portion of the stiffness matrix for the
i soparametric formulat ion expressed in row major format. >

(CS) LOAOFILE (%1G,VALS);

%1G VALS 09K AK1G be i ng l oaded
l o ad ing  done
time ’~ 258 msec. -

(06) DONE

(C7) FTL2:FUNCTIONAL*FACTOR ;-
time = 16 insec.

I A E (XMIN — XIIAX) I
( I

2
I (X - X )  I
1 2 1 3
I 

- 

3
I A E (XMIN - Xt IAX) I
C I

(07) ( 2 3
I (X - X I  I
C 2 1 3
I I
I A E (XI1IN - XMAX ) 3 

3 -
2

~ 

- — - - -- -—- -- - - --- —~ - - -~~~~
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I (X - X l
1 2 1 3

< The,’ XIIIN and XMAX terms of the cjcnerali;:ed coordinate stiffness
mat ri x in expression (07) are eva l uated at X ( 1)  and X (2) respective l y
and the vector is s i m p l i f i e d .  >

(C8) FACTOR ( EV (% ,XMJ N..X C I),XII AX =X (2 3) ) :
t ime = 129 mscc.

• I A E  I
I I
C X - X  ~
1 2  1 3

- I - 3
C A E  I

(08) C 
- I X - X ]

1 . 2 1 )
C I
I A E  I
( I

- - ( X - X  1
- - ( 2  1 )

< T his  is the lower. - 
triangu l ar Portion of the stiffnes s mat ix for the

generalized coordinate formulation in row ma jor format , evaluated at
the boun~Jar y conditions. it is i dentic al to the expression in (OS )
for the i soparametric formulation. >

(CS) CLOSEFILE (%VER,C1); 

- -
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3.2 Bar Element i-i ith Linear Variation of Cross—Sectiona l Ar ea

3.2..1 Generalized Coordinate Formulation 
-

< Thi s run was i dentica l to that of section 3,1.1 w ith the exception
that the cross—sectional area of the bar varies linear l y from a va l ue
of A (1) at node 1 to a value of A (2) at node 2. The i nput uni que to

- 
, th is  execut ion Is shown below. >

* AUXILIARY TERM PROCESSOR *
ENTER ELEMENT VOLUME MODIFICATION FACTORS OR AUXILIARY TERMS
TYPE ‘END;’ to TERIIJNATE
.7

(X (2 ) — X ) * A ( 1 ) / ( X ( 2 ) — X ( 1 )  ) + ( X — X ( 1 ) ) * A ( 2 ) / ( X ( 2 ) — X ( 1 ) )
.7

END; -

AUX ILIARY TERII MODIFICAT ION
The OPTIONS are

(1) DISPLAY THE AUXILIARY TERMS
(2) MOOIFY AN AUXILIARY TERII
(3) TERMINATE THIS FUNCTION

Enter the NUMBER ASSOCIATED with the CHOSEN OPTJON
?
1;

The AUXILIARY TERMS are
Term 1

A (2)*(X — X (1)) A (1)*(X (2) — Xl 
+ 

X (2) - X (1) X(2) - X (1)

Enter the NUMBER A~~OC IATED w i t h  the CHOSEN OPTION
.7

3;

< Both options of the disp l ay are: >

The opt i ons for- OUTPUTTING the STIFFNESS MATRIX are
(11 Upper tr i angu l ar portion in al gebraic format
(2) FORTRAN CARD I IIAGE format

ENIER the NUMBER ASSOCIATEO with YOUR SELECTION.
7
1;

Mul t ip ly  each coef f i c ien t  by
E

- 
- 

- -
~~~~

--- •-.

~~~~~~~~~~~~~~~~~
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- 

-

2
(X - X )

- - 

2 1

-
- ROIJ 1, COL 1 

- 

-

— (XIII N — XMAX ) (A (2) XMl N - A (1) XIII N + A (2 ) XMAX — A (1) XMAX

+ 2 A (1) X - 2 X A 12 ) ) / ( 2  (X — X ) )
2 1 2 1

ROW 2, CDL 1

(XIIIN — XIIAX) (A (2) XMIN — A (1) XIIIN + A (2) XIIAX — A ( 1)  XMA X

+ 2 AU )  X - 2 X A (2 f l / ( 2  (X - X ) )
2 1 2 1

ROW 2, COL 2

— (XIIIN — XMAX ) (A (2 ) XIIIN — A ( 1) XtI IN + A (2) XIIAX — A ( 1) XMAX

+ 2 A ( 1) X - 2 X A (2 ) ) f ( 2  (X - X I)
2 1 2 1

The options for OUTPUTTING the STIFFNESS MATRIX are
(1) Upper triangu lar port ion in algebraic for mat
(2) FORTRAN CARD IMAGE forma t

ENTER the NUMBER ASSOCIATED with YOUR SELECTION.
.7

2;

Enter the FORTRAN ARRAY NAME for tile STIFFNESS MATRIX

STIFF; 
-

Multipl y each coefficient by -

E/(X (2)—X (1))**2

The STIFFNESS MATRIX ~s -

STIFF (1,1) — — (XIIIN..XIIAX) ~IA (2) *XMIN—A (1) *Xt1IN+A (2) ~Xt1AX—A (1) *XIIAX
1 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~STIFF(2 , 1) — (XMIN—XMAX )~~(A (2)~ XMIN—A (J )~ XMIN+A (2)*X1IAX—A (1)*X1IAX÷

_5 _5 _, - _5
I ~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

—

STIFF(3,1) - - (XMIN-XMAX)-~c (A (2)*XMIN-A (1)*XMIN+A (2)*XMAX—A (1)*XMAX 

--~~~~- —
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— 1 4 2 *A ( 1)*X (2 )—2 *X ( 13*A (2 ) ) / (2~ (X (2 ) — X ( 1 )  ) I

3.2.2 I soparametric Formul ation

< The i nput for th is case is the same as that for thc gener~~I izeci
coordi nate formulation. The disp l ay options ai-e: >

The opt i ons for OUTPUT Ti NB ti-ic ST I FFNESS MATRIX are
(1) Upper tr I 0fl~LI I ar por t ion in a I gebrci i c format
(2) FORTRAN CARD IMAGE format

ENIER the NLII1BER ASSOCIATED with YOUR SELECTION.

I
Mul tipl y each coefficient by

- 2 E

X - X

ROW 1, COL 1

A (2 ) + A ( 1)

4

ROW 2, COL 1

A ( 2) + A ( 1)

4

ROW 2, COL 2

A (2) + A ( 1)

4

The option s fo,- OU1PU1TJN~ thu STIFFNESS MATR IX are
(1) Upper tr i angular pert ion in a I gnb,-a i c form at
(2) FORTRAN CARD IMAGE format - -

ENTER the NUMBER ASSOCIATED with YOUR SELECT I ON. 

---~~~~~~~~~~- _ --
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2
(X - X I

-
- 

- 
2 1

/

ROW 1, CUL l 
-

— (XIIIN — XMAX ) (A (2) XMIN — A (1) XMIN ÷ A (2) XMAX — A (1) XMAX

+ 2 AU ) X - 2 X A (2))/(2 IX — X H
• 2 1 2 1

ROW 2, COL 1

(XMIN — XMAX ) (A (2) XMIN — A (1) XMIN + A (2) XIIAX - A ( 1) X MAX

+ 2 AU ) X - 2 X A (2H/(2 IX - X ))
2 1 2 1

ROW 2, COL 2

— (XJIIN - XIIAX) (A (2 ) XIIIN - A (1) XIIIN + A (2) XMAX - A (1) XMAX

+ 2 A (1) X - 2 X A (2 ) ) / (2  IX - X

2 1 2 1

The options for OUTPUTTING the STIFFNESS MATRIX are
(1) Upper triangu l ar portion in algebraic format
(2) FORTRAN CARD IMAGE format

ENTER the NUMBER ASSOCIATED w ith YOUR SELECTION.
.7

2;

Enter the FORTRAN ARRAY NAME for the STIFFNESS MATRIX

STIFF;

Mul t iply  each coe f f i c i en t  by

E/ (X (2) —X (1) )**2

The STIFFNESS MATRIX ~s 
-

STIFF(1 ,1) — — (Xt11N..XMAX)*tA (2)*XMJN-A (1)*)(t1IN+A (2h~.XMAX—A (1)*Xt1AX
1 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
STIFF (2, 1) - (XIII N-XMAX) ~(A(2 i~ XMIN-A (J I ~‘€XFI’N+A (2)*XMAX—A (1) *XMAX-.-

1 2~A (1)*X (h)—2wX(1)~ A (2))/(L~ (X (J—X (1)))
STIFF(3,1) - - (XM)N_XMAX)* (A (2)*XMIN-A (1)*XMJN+A (2)*XMAX—A (1)%’rXMAX 
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En tnr the FORT RAN ARRAY NAME for the ST I FFN I~~ MATRIX
7

STI F F2 ’ -

Mii i t i p  I y each c o e f f i c i e n t  by

2 * E / ( X ( 2 ) — X ( 1) )

Tile STIFFNESS MATRIX is

STIFF (l ,l) (A (2)+A (i))/4
STIFF (2,1) = — (A (2)4A (l))/4
ST IFF(3 ,1) = (A ( 2 ) ÷A ( l ) ) / 4

3.2.3 Compar i son and Verification

< The f i Ies, (%26 , vo l  s) and (%2I , vol s) con ta in  va l ues generated dur i ng
the runs in sections 3.2.1 and 3.2.2 r e s p e c t i v e l y. As in the
verification of se-ct ion 3.1.3, tI-ic nii iii mum and max i mum value s of X are
at i~oc1es 1 and 2 respective l y. >

tim e— 8 msec.
(01) (09K , AK1G]

(C2) LOAIJF ILE (%21 ,VALS);

%2I VALS OSK AK1G being l oaded
I ooi-l i ng done
t i me” 308 mscc.
( 112) DONE

(C3 ) FTL: FUt4CTlONAL~-FACTOR;t ime — 14 msec.
( (A(2) + A (1)) E I 

C 2 (X - X )  3~
- C 2 1 3

1 3
I (A (2 )  + AU ) )  E I

(03) 1 3
2 (X - X l  I

C 2 1 3
- 1 3

I (A(2) + A (1)) E I
C 3

2 (X — X l  I
C 2 1 1

(C4) LOAOFILE ( %2G ,VALS ) ; 
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%2G vt~u i:ms~ AK1r~ i~ ~~ l oaded
I oadit~q donet i me~ 377 msec.
(CI’, I ,

‘ DONE

(CS) FTL2:FUNCTIONAL~-FACTOR ;
time ” 18 msec.
(OS) MATR1X ((- -E (XIIIN — XIIAX) (A (2) XMIN - A (l) XIIIN + A (2) XMAX

3
— A ( 1)  XIIAX + 2 A ( 1)  )( - 2 X A ( 2 ) ) / ( 2  (X - X I I] ,

2 1 ‘

FE (XIIJN - XMAX ) (A (2 ) XM IN - AU ) XMIN + A (2 )  X(IAX — A(1) XIIAX

3
4- 2-A (1) X — 2 X A (2))/(2 (X — X I )I ,

2 1 2 1

C- E (XII 1N - XMAX ) (A (2 ) XIIIN - A (1) XMIN + A (2) XMAX - A (1) XMAX

- 3
+ 2 A ( 1) X - 2 X A ( 2 ) ) / ( 2  (X - X I Ii)

2 1 2 1

(C6) FACTOR (EV(%,XIIIN=X(1],XMAX—X (2]));
t i m n e — 711 msec.

( (A(2) + A ( 1) )  E I
C :i
C 2 (X - X )  I

- C 2 1 1
( 3
C (A (2) + A U ) )  E ]

(06 ) ( 
I 2 (X - X I  I
C 2 1 1
1 1 -
( (A(2)  + A ( 1) )  E - I

C 3
2 (X - X )  I

1 2 1 I

~ Note that expressions (06) and (07) are i dentical. > -

(C7) CLOSEFILE(%VER ,C2);
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3.3 CST with Uniform Thickness

< Thq’ coristant strain triangle (CST) has tim riegreces of freedom at
each node and is modele d with a I inear di splace me nt function. >

3.3.1 Generalized Coordinate Formulat ion

* SYSTEM INIT IAL IZAT ION *
W ELCOME TO ***** VERSI ON 1. 0

I t i s now THURSDAY DECEMBER 1, 1977 2: 35:9
lhc current f i l e  is CSYINI T , FCN]
The cum- rem-it device and use-m aine i s RISK, AK1GI

Report lwob l ems to
A LAN FL KORNCOFF
DEPT. OF CIVIL ENGINEERING
CARNEG I E—MELLON IJWIVERSI TV
CMU--IOA , AK 1G

Terminate all i nput with -a SEMICOLON -
I npu t ‘?; ‘ for HELP

I nput your LOGI N NAME
-7

AK1G ;
Is AK1G correct ? (YES ; or NO;)
‘7
YES ;

GREETINGS AK1G

* tIE 11-400 SELECT I ON *
The available formulations inc l ude

(1) THE ISOPARAIIETRIC METHOD
(2) THE GENERAL iZED COORDINATE METHOD

Please enter the number of the method chosen (1 OR 2).
?
2;
GENERAL IZED COORDINATE FORMULATION

* GENERAL IZED COORDINATE FORMULATION EXECUT I VE *
* GENERAL IZED COORDINATE FORMULATION INITIAL IZATION *

Do you wish to set DUMP, BREAK or TRACE POINTS

b.
~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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ND;

* PROBLEM PARAMETER SPEC IFICAT ION — GENERAL IZED COORDINATE *
I nput the MJMIIER OF ELEMENT NODES
.7

3: -

I Il~)tit the Nt.II1BER OF DEGREES OF FREEDOM PER NODE
?
2;

Input the vector of the NAMES OF THE GLOBAL COORDINATES
There should be 2 elements
ELEMENT 1

ELEMENT 2 = 
-

V .  -

Input the vector of the NAMES OF THE DISPLACEMENT VARIABLES
There should be 2 elem ents

- ELEMENT 1
U;
ELEMENT 2 -

~ 
c~~ fl~ ~~~(‘~ J~~ PROCESSOR - GENERAL IZED CDORO1NATE *

EN1ER the terms of -the SHAPE FUNCTION ordered from
GENERALIZED COORDINATE 1 through coordinate 3.
ELEMENT 1
1;
ELEMENT 2 -

ELEMENT 3 -

SHAPE FUNCTION MODIFICATION -

The OPTIONS are
(1) 01 SPLAY THE SHAPE FUNCTIONS
(2) MODIFY THE SHAPE FUNCTIONS
(3) TERMINATE THIS FUNCTION

Enter the NUMBER ASSOCI ATEO w ith the CHOSEN OPTION

3;

* B MATRIX DATABASE GENERATION *
The OPTIONS for specifying STRAIN COMPONENTS are

(1) USER-SUPPLIED VALUES
(2) LIBRARY VALIJES

_ _ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - - - -
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Pl ease ENTER the NUMBER ASSOCIATLO WITH YOUR SELECTION

2;

The LIBRARY OPTIONS for SPECIFYING STRAIN COMPONENTS are
(1) USER—SIIPPLIEO VALUES
(2) ONE OIMENSIONAL ELASTICITY
(3) PLANE STRESS -

= 
(4) PLANE STRAIN
(5) AXISYMI1ETR 1C -

(6) LINEAR ISOTROPIC ELASTICITY - 30
Please ENTER the NUMBER ASSOCIATED WITH YOUR CHOICE

3;

~ IIATER IAL PROPERTIES SELECTION *

The options for the selection of t i-ic MATER iAl. PROPERTIES MATRIX are
(1) LISER—SLI1’PL I EO MATRIX
(2) LIBRARY MATR IX -

Please enter the NUMBER ASSOCIATED WITH YOUR SELECTION
.7

2;

The LIBRARY OPTIONS for SPECIFYING MATERIAL PROPERTIES are
(1) USER-SUPPL I EO VAt . UES
(2) ONE DIMENSIONAL ELASTICITY
(3) PLANE STRESS
(4) PLANE STRAIN
(5) AX I SYMIIETRIC
(6) LINEAR ISOTROPIC ELASTICITY — 30

Please ENIER the NuMBER ASSOC IATED WITH YOUR CHOICE
-7

3;

* AUXILIARY TERM PROCESSOR ~

ENTER ELEMENT VOLUME. MODIFICAT ION FACTORS OR AL IX ILIARY TERMS
TYPE ‘END;’ to TERMINATE

.5;

END; 
-

< As ind icate d in section 2.2.7 . the nomina l element vo l ume is
ca lcu la ted as tile produc t of the d i f f e rent i a l s  of the coordinate
var i ables (in this case as clx*dyl . Since tile area of the triangle is
half thi M quantity, a vo l ume- modification term , equa l to .5 is =
specif ied . The term . “T” , represents the uniform thickness of the
element. > 

—~~-_ - -- --~~-—- -_ --- - — -~~--“ - - -~- - ~~ _~~~~~~ -~ - 4
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AUXILIA RY TERM MDO IFICAI ION
The OPTIONS arc

(1) DISPLAY TH~ AUXILIARY TERMS
(2) MODiFY AN AL1X 1LIARY TERM
(3) TERIIINATE THIS FUNCTION

Enter the NUMBER ASSOCIATED w i th  the CHOSEN OPT LOW
‘7

* INTEGRATION LIMITS - GENERALIZED COORDINATE *
* I NVERSION OF MATRIX , A *

* 13 M A T R I X  GENERATION - GENERAL IZED COORDINATE *
* INTEGRATION PROCESSOR - GENERAL I ZED COORDINATE *
* DISPLAY PRE-PROCESSOR - GENERAL I ZEO COORDINATE *
* DISPLAY PROCESSOR *
Tile options for OU1PUTTING the STIFFNESS MATRIX are

(1) Upper triangu l ar Portion in algebraic format
(2) FORTRAN CARD I MAGE format

ENTER the NUMBER ASSOCIATED w i t h  YOUR SELECTION.
.7

1;

Multip l y each coeffic ient by
- 2

— E 1/(2 (X V - X V — Y X + V X + X V - V X ) (NU — 1)
2 3  1 3  2 3  1 3  1 2  1 2

(NU + 1))

ROW 1, COL 1 -

2 2 2 2 - 2
— (X  N U — 2 X  X N l l+X  N U - 2 Y  + 4 Y  V - X  + 2 X  X - 2 Y

3 2 3  2 3 2 3 3 2 3  2

2
— X ) (XIIIN — XMAX ) (YMIN — YMAX)/2

2

ROW 2, CDL 1

2 2
(X N U - X  X N L J - X  X N U + X  )( N U - 2 Y  + 2 Y  V + 2 Y  V

3 2 3  1 3  1 2  3 2 3  1 3

- -—- -- - -  ~~~~~~~ -~~~~- —---~~~~~~ -~~~~- —-~~~~~~
—
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2
— X + X X + X X - 2 V V - )( X ) (XMIN — XIIAX) (YLIIN — YMAX) /2

3,’ 2 3 1 3 1 2 1 2

ROW 2, COL 2

2 2 2 2 2
- ( X  N U - 2 X  X NU + X  N U - 2 Y  + 4 Y  V - X  + 2 X  X - 2 V

3 1 3  1 3 1 3  3 1 3  1

2
- X ) (XMIN - XMAX) (YLIIN - YMAX )/2

1

ROW 3, COL 1 -

2
— (X X N U - X  X N U - X  N U + X  X N u - 2 Y  V + 2 V  V - X  X

2 3  1 3  2 1 2  2 3 1 3  2 3

2 2
+ X X + 2 V - 2 -V V + X - X X ) (Xli) N - XIIAX) (\‘MI N — YMAX ) /2

1 3  2 1 2  2 1 2  -

ROW 3, COL 2

2
( X X  N U - X  X N U - X  X N U + X  N U - 2 V  V • f 2 V  V - X X

2 3  1 3  1 2  1 2 3  1 3  2 3

2 2
+ X X + 2 V V + X )( - 2 V - X ) (XMIN - XIIAX) (YMIN - YMAX )/2

1 3  1 2 1 2  1 1

ROW 3, COL 3

2 2 2 2 2
- G (  N U - 2 X  X N U + X  N U - 2 V  . i - 4 Y  V - X  - s - 2 X  X - 2 Y

2 1 2  1 2 1 2  2 1 2  1

2
- X ) (XIIIN - XIIAX) (YMIN — VIIAX)/2

1

ROW 4, CDL 1

(X - X ) (V - V ) (NU + 1) (XM IN - XMAX) (VIIIN — VMA X)

~

— - ---- -~~~~ -.-~~~~~~~~~- - -.~~~~~-~~~~~~~ - -~~~~ ~~~~- - -  -—------ - - -
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3 2 3 2

2

ROW 4 , COL 2

(X V N U - 2 X  V N U + X  V NU + Y  X N U — 2 V  X N U — X  V NU
3 3  2 3 -  1 3  2 3  1 3  1 2

+ 2 Y  X NL l +X y - X  V — V  )( +X  Y )  (XI1IN-XIIAX )
1 2  3 3  1 3  2 3  1 2

(VIIIN — YIIAX)/2 -
-

ROLJ - 4 , CDL 3

(X V NLJ — X  V N U — 2 V  X NU - * - 2 V X  NU + X V NU 4- X V NU
2 3  1 3  2 3  1 3 2 2  1 2

- 2 V X NI) - X V + X V + X V - X V ) (XLI I N - XI1AX)
1 2  2 3  1 3  2 2  1 2  

- —

(YMIN — VIIAX)/2

ROW A , COL 4 
-

2 2 2 2 2
— (V N U — 2 Y  V N U + Y  N U - V  + 2 Y  V - 2 X  + 4 X  X — Y

3 2 3  2 3 2 3  3 2 3  2
- 

2
- — 2 )( ) (XIIIN - XMAX) (VIIIN — YIIA X) /2

2

ROW 5, COL 1

( X V  NU + X  V N U - 2 X  V N U - 2 Y  X N U + V  X N I J + 2 X  V NU
3 3  2 3  1 3  2 3  1 3  1 2

- Y  )( N I J + X  V - X  V - Y  X + Y  X )  (X LI I N-XM AX )
1 2  3 3  2 3  1 3  1 2

(YMIN - YIIAX)/2

RON 5, COL 2

(X — X 3 (V - V I (NV + 1) (XMIN — XIIAX) (VIIIN — YIIAX)
3 1 3 ’ l

_ _ __ _ _



- -
~~~
-—--- .—-- - --—— - ---  - -

~~~~~~
-
~~~~~---~~~~~~---- -------- 

— - -

• 
I LLUSTRAI 1 V~ EXAMPLES 57

2

ROW S, COL 3 
-

- ( X  V N L J - X  V NU- 2 Y  X N U + 2 V  X NU + 2 X  V NU
2 3  1 3  - 2 3  1 3  1 2

- V X N U - X  V N U — X  V + X  V + Y  X - X  V ) ( X M I N — X M A X )
1 2  1 1  2 3  1 3  1 2  1 1

(YLIIN — YMAX)/2

ROW 5, COL 4

2 2 2
(V NV — V V NU — V V NV + V V NLI - V + V V + V V - 2 X

3 2 3  1 3  1 2  3 2 3  1 3  3

+ 2 X X + 2 X X — V V — 2 X X (xfirN — XIIAX) (Y MIN — YMAX ) /2
2 3  1 3  1 2  1 2 -

RON 5, COL 5

2 . 2 2 2 2
- ( V  N U - 2 V  V N L I + Y  N U - V  + 2 Y  V - 2 X  + 4 X  )< - Y

3 1 3  1 3 1 3  3 1 3  1

2
- 2 X ) (XIIIN — XMAX ) (VIIIN - YMAX)/2

1

RO W 6 , COL 1

- ( 2 X V N U - 2 X V N U - Y X N U + V X N L J - X Y N U
2 . 3 1 3  2 3  1 3  2 2  -

+ 2 X  V N V - V  )( N U + Y  X - V  X - X  V + Y  X )
- 1 2  1 2 2 3  1 3  2 2  1 2

(X t ’lI N — XIIAX) (YIIIN - YMAX)/2

ROW 6, COL 2 
-

(2 X  V N U - 2 X  V N U - Y  X N U + Y  X N U + X  V N U - 2 Y  X NU
2 3  1 3  2 3  1 3  1 2  1 2

+ X  V N U + Y  X - Y  )< - X  V + X  V I  (XM I N-X MAX )

~~~~ _ _  _ _ _ _
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1 1  2 3  1 3  1 2  1 1

(VIIIN — YMAX )/2

ROW 6. COL 3

(X - X I (V - V -) (NU + 1) (XMIN - XMAX ) (YMIN — VMAX )
2 1 . 2  1 -

2

ROW G I COL 4

2
- ( V - V N U - V  V N U - Y  N U + Y  V N V - V  V 4 - V  V - 2 X  X

2 3  1 3  2 1 2  2 3  1 3  2 3

2 2
+ 2 X  X + V  - V  V + 2 X  - 2 X  X) (XIII N -XM AX ) (VL 1 IN— YFI A X )

1 3  2 1 2  2 1 2

/2

ROW S, COL 5 
-

2
(V V N U - V  V N U - V  V N U + Y  N U - Y  V + V  V — 2 X  X .

2 3  1 3  1 2  1 2 3  1 3  2 3

2 2
+ 2 X X + V V + 2 X X - V - 2 X ) (XIIIN — XIIAX) (YII1N - V MAX)

1 3  1 2  1 2  1 1 -

/2

RON 6, CDL 6

2 2 2 2 2
- (V N U — 2 Y  V N U + Y  N U - Y  + 2 V  V — 2 X  + 4 X  X - Y

2 1 2  1 2 1 2  2 1 2

2
- 2 X I (XII IN - XIIAX) (YMIN - YMAX)/2

1

< Dis play option 2 produces: > 

~~~~~~~~~~~~~~~~~ -~~~- - - ~~~~~ 
- -
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The options for OUIPUTT IW S the STIFFNESS MAT RIX at-u
(I I 

- 
Upper triangu l ar por t io n in algebraic format

(2)’ FORTRAN CARE) IMAGE forma t
ENTER the NUMBER ASSOCIAT ED w i t h  YOUR SELECTION.
.7

Enter the FORTRAN ARRAY NAME for the STIFFNESS MATRIX

STIFF ;

Mul t i~,iy each coefffc i ent by

—E*T/(2*(X (2)*Y(3)--X(1)*Y(3)—Y(2)*X (3)4-V(1)*X (3)+X (1)*Y(2)—Y(1)*X (
- 1 2 ))  **2* (NU—1) * (NU+1) )

The STIFFNESS MATRIX is

STIFF (1, 1) = — (X (3) **2*t~l(J—2*X (2) *X (3) *NU4X (2) **2*N(i.-2*Y (3) **2+4*Y
1 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
2 N-.Y IIAX)/2
STIFF (2,1) = (X (3)**2*NLI_X (2)*X (3)*NU..X (1)*X (3)*L\IU4X(1)*X (2)*NLI—2*
1 Y (3)**24-2*V(2)*V (3)-+-2*Y(1)*Y(3)—X (3)**2+X(2)*X (3)4-X(1)*X (3)—2*Y
2 (1)*V (2)—X (1)*X (2))*(XMiN—XMAXh ~- (YfIIN--YMAX)/2
STIFF (3, 1) = — (X (3) **2*NLi—2*X (1) ~X (3) ~-NU+X (1) **2*NIJ—2*Y (3) **2+4*Y
1 1)*Y(3)-.X (3)**2-t-2*X (1)*X (3)—2*Y(1)**2—X (1)**2)*(XMIN’-XIIAX)*(\’MI
2 N--VIIAX)/2

STIFF(4 ,1) = _ (X (2 ) *X ( 3 ) *~IU..X(1)~ X(3)cc NLI..X (2 )~ -*2*Nt.t+ X ( 3. ) *X(2)*NLl-.2
1 *V (2 )*Y (3) - , .2 *Y ( 1)*V- (3 ) - -X (2 )*X (3 ) - fX ( 1)*X (3 ) - t2 *Y (2 )** 2—2 *Y ( 1)*V (2
2 )-t-X (2)**2—X(1)*X (2) )*(XIII N—XMAX)* (YIIIN—YIIAX)/2
STIFF (5,1) = (X(2)~ X (3)*NU_X (1)~ X (3)~~ U_X (1h~X (2)*NLi+X (1)**2*NU—2*

1 Y (2)~ Y(3)+2~Y(1h~V (3)-X (2)~ X (3)+X (1)*X (3)÷2*Y (1)*V (2)+X (1)*X (2)
2 — 2*y( 1)*2—x ( 1)fr~2 )* (XM IN—Xr lAX ) * (VNIN— Y MAX )/ 2

STIFF (6 ,1) = — (X ( 2)  r c2 NU—2 ~X ( 1 I ~,-X (2) ~N(J+X (1) ~c 2 NU—2 ~Y (2 )  p2+’, Y (
1 1) ~~ (L) —X (2) ~n 2-t-2~tX (1) ,~X (2) — 2w Y (1) ~c)c.. --X (1) ~cu,~

) 
~c D.MI N—).tIA>~

) 
~ (VIII

2 N-YI1AX ) /2
STIFF (7,1) = — (x (3)—x (2))*(y(3)—y(2))*(Nu4n*(xIlIw..xMAx)*(vrlIN—VIIA

1 X)/2
STIFF(8 ,1) = (X (3)*Y(3)*N(J—2*X (2)*Y(3)* NIJ÷X (1)*V (3)*N(J- i-Y (2 )*X (3)*N

1 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
2 )— y ( 2 )~ x (3) +x (1)~ V (2 ) )~~(xMIN —xr1Ax)~~(yr1IN- .vMAx)/2

ST IFF(9, 1) — (X(2)~ Y(3)~NU_X (1)~ V(3)*NuI-.2~Y(2)*X(3)*NU+2*V (1)*X(3)
1 *Nil+X(2)*V (2)*NiI+X(1)*Y(2)*NU—2*Y(1)*X (2)*N1I—X (2)*V (3)4X (1)*Y(3
2 1 ~X (2) *Y (2) —X (1) *V (2) 1 * (XIIIN--XI1AX) * (VIII N—VI1AX) /2
STIFF (1 13,1) — (V(3)~~2*NU—2*V (2)~ Y (3)~ NiI+Y(2)**2*NU—Y(3)**29-2*Y(2

1 )*V (3)--2*X (3)**2.,1, X (2)*X (3)--Y (2)* ?--2*X (2)*~:2)*(XMIN—XMAX)*(YM
2 I W-.YIIAX)/2

STIFF (11,1) = (X 3 * V 3  ~NU4 X ( 2 ) *Y (3 )  ~.-NII- -2~X ( 1)*Y (3) ~NU— 2*Y (2) ~X (3
1 )*NU+Y(1)*X (3)*Nt.I÷2*X (1)*Y(2h~NtJ—Y(1h~X (2)*Nt,l4X (3hcV (3)—X (2)*Y(
2 3 ) — Y ( 1 ) ~ X ( 3 )4 -Y ( 1L~X (2 ) h~(XM IU—X MAXh~(Y MIN--YlIAX )/2

STIFF(12 ,1) — — (X (3I—X (1))~~(V (3I—Y (1))~~(NU+1 )~~(XIIIN-->~t1AXI* (YIIIN-.YM

_ _ _— - - - -
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1 A X ) / 2
S1IFF (i3,1) ~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

1 3) ~Nt.I42* X (1) *Y (2) ~NU-.Y (1) ~X (2) *NLI--X (1) *Y (1) ~NU--X (2) *Y (3) ~ X (1) *Y
- - 2 (._ - mV ( 1 ) * X ( 2 ) - - X ( J  ) *Y ( 1) )~~(Xl1J N-.XIiAX)~~(Y MIN--YIlAX )/2

- STIFF (1.6 ,1) (V (3)**2*NLI-.Y (2 )*Y (3) *NU-.Y (1) ~Y ( 3 )  *NU÷Y (1) ~Y (2) *NU—Y
1 (3) **2-t-Y(2h~cY ( 3 ) 4-V U) *V (3 ) .-2*X (3) ~~2-t-2~X (2) *X (3) 4-2*X (I- ) *X (3) -Y
2 1) *V (2) --2*X (1) ~-~X (2) 1 * (XIIIN—XIIAX) ~ (VIII N—YIIAX ) /2
STIFF (15.1) .

~ — (V (3)*~:2~N(.I—2*Y (1) ~Y (3) ~-N LJ÷Y( 1) *~2*NLI—Y (3) **2+2*Y (1
1 ) *V (3) 2*X (3) ~c*2 -t-ht*X (1)*X (3) —V (1) ~*2—2*X ( i ) **2) *(XIIIN—XIIAX ) * (YM
2 IN-.VIIAX ) /2

STIFF (16 ,1) — — (2*X (2)*V (3) ~NU—2~X (1 )*Y(3I ~NLI- .Y(2) ~X (3) *Nui+Y (1) *X
1 3) *N (J-X (2)*Y (2) ~NU+2*X (i)*V (2) ~NtJ—Y (1)*X (2)~ NU-+-Y (2) *X (3) —V (1)*X
2 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~STIFF(17 ,1) = (2 *X (2 ) *Y (3 ) tJt J—2~X ( i ) *V (3 ) NiJ -- Y (2 )~ X ( 3 )~- NtJ+Y ( 1)*X (3
1 ) *NU-fX ( 1)*V (2)* NLI .-2*Y ( 1) *X (2 )~~ l4 X ( 1) * Y ( 1) ,~NU- I -Y (2 )*X (3 )  — Y ( 1 ) * X (
2 3) --X ( 1)*V (2).~X ( 1)~ Y ( 1) )* (X I I) N—X ( 1AX )~~( Yr1IN—YI1 AX )/2

- STIFF (18,1) — {X (2)—X (1) )*(Y (2)—Y(1) )~~(NIJt1 )cc (XI1IN—XMAX )-~-~(\’I1IN—YI 1
1 AX )/2 -

ST IFF( 19 , 1) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~1 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
2 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

STIFF (213,1) (V (2) *Y (3) ~NU--V (1) ~Y (3) *NU--Y ( 1) *V (2) ~.-NL14 Y (1) **2*NIJ--Y
1 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
2 )—Y (1) 2—2*X (1)*~2)* (XMIN—XMAX )~~(V lIIN—YI1AX )/2
STIFF (21 • 1) = — (V (2) **2*NU—2*V (1) *Y (2) -.NLI+Y (1) *~2*NlJ—Y (2) ~~2+2*Y (1

1 )*V (2)--2*X (2)**2+4*X (1)*X (2)—V (1)~c*2.-2*X (1)**2)*(XMIN XIIAX)*(VM
- 2 IN—YIIAX)/2

3.3. 2 Isoparametr ic Formulation

* SYSTEM INITIAL I ZATION ~

WELCOME TO *~ *** VERS I ON 1. 13

I t is now THURSDAY DECEMBER 1,1977 2:18:4
The current file is (SYINIT , FCN)
The current device and username is (OSK , AK1G]

Repor t prob lems to -

ALAN R. KORNCOFF
— DEPT. OF CIVIL ENGINEERING

CARNEG I E-- MELLON UN ! VERS I TV
CMU---1OA , AK 1G

Terminate a l l i nput with a SEMICOLON -
I nput ‘ ?; ‘ - for HELP

I nput your LOGIN NAME
7 

- --- -- -~~~~~~~~~~~~~~~
- -  --~~~--~~ - - - - - -  _
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AK1r.;
is AK1G correct ? (YES; or NO;)

YES;, ,‘

GREETINGS AK1G

* METHOD saECTIO;~l * - 
-

The ava i I able formu lations inc I tide
(1) THE I SOPARAMETRIC METHOD
(2) THE GENERALIZED COORDINATE METHOD

Please enter the number of the method chosen (1 OR 2) .
‘2

1;
I SOPAI-IAMF TR I C FORMULAT JON

* ISOPARAMETRIC FORMULATION EXECUTIVE *
* I SOPA RARLIETRI C FOnriUl_ AT I ON I Ni TI AL ! ZAT I OW *

Do you w i sh to set DUMP, BREAK or TRACE POINTS
7

NO;

* PROBLEM PARAMETER SPECIFICATION - I SOPARAIIETRIC *
I i-iput the NU MBER OF ELEMENT NODES
7
3;

I Ilput the NUMBER OF DEGREES OF FREEDOM PER NODE

‘7.

I Ilptit the NLIMBER OF NATURAL COORDINATES
‘7
3;

Input the vector of the NAMES OF THE NATURAL COORD INATES
Ther e shc u I ci be 3 e l e m e n t s
ELEMENT 1
Li;
ELEMENT 2 =

~~ ‘— ,
ELEMENT 3 -

L3;

I nput the vector of the NAMES OF TH E GLOBAL COOR DI NA T ES
There should be 2 e lemen ts
ELEMENT 1

~

— - ----— __ - _ _ _I
~
-!~~~~~~~.

-- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —-- - _ --- ‘-—--- -
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EI.EI1EN1 2 .

~

Input ti-ic vector of the NAMES OF THE UISPLACEF1ENT VARIABLES
There should be 2 elements
ELEMENT 1
U; -

ELEMENT 2 =

V :

• * SHAPE FUNCTION PROCESSOR - I SOPARAIIETRIC *

ENTER ti-te terms of the SHAPE FUNCTION ordered from
node 1 through node 3.
The 3 elements w i  I - I . be prom Pted for
ELEMENT 1 =

Li ;  -

ELEIIENT 2 = 
- -

L2;
ELEMENT 3
L3;

Sl-IAPE FUNET I ON (100 IF I CATION -

The OPT I (iNS are
(1) DI SPLAY THE SHAPE FUNCT I OWS
(2) MODIFY THE sHAr-~E FUNCT IONS
(3) TERMINATE THIS FUNCTION -

Enter the NLIMBER ASSOCIATED with the CHOSEN OPT ION
7

3;

* B MATRIX DATABASE GENERATION *
The OPTIONS f or speci fg incj  STRAIN COMPONENTS are

(1) USER—SUPPLIED VALUES
(2) LIBRARY VALUES

Please ENTER the NLIMBER ASSOCIATED WITH YOUR SELECT I ON
‘7

1;

< Thoi.igh t Ie fol low ing strain component speci ficat ions may be
aut omnati ca l ly sel ected by chor i ng I ibrary option 3 or 14 , the fo l low ing
d emonstrates the user input o p t i on .  >

I npu t the NUMBER OF STRAiN COMPONENTS

i1 nput COIII ONI:NT 1
‘7

- O(U,X);
I ,,put COMPONENT 2

I 

~~
- ---
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0 f \‘ • ‘1)
I npu t COMPONE NI 3
? , /
O (U;Y) + O(V ,X ) ;

* MATER IAL PROPERTIES SELECTION *
The options for the se l ection of the MATERIAL PROPERTIES MATRIX are
(1) USER-SUPPLI ED MATRIX
(2) LIBRARY MATRIX

Pl ease enter the NUMBER ASSOCIATED WITH YOUR SELECTION
7
1; -

< Thou~.;h the follow i ng materi al property spec if i cat i otis may be
aut om a t  I ca 1 I y so ( cc t ccl by chos i ng I i brarç~ opt ion 3, the fo I I owl ng
de monst rates  the user input option. >

Please enter the UPPER TR I ANGULAR PORTION of
the MATERIAL PROPERTIES MATRIX.
Each ml enleil t w i l l  be. prompted for with its F-~0W and COLUMN number .
You can also specify a CONSTANT SCALAR IIULTJPLE.
ERRONEOUS INPUT may be corrected after the m atrix is entered.

Do you wish to enter a CONSTANT SCALAR MULTIPLE (YES ; OR NO;)
?
YES;
Enter the SCALAR MULTIPLE
7 -

E/(i—NU**2); -

Enter the ELEMENTS of the MATERIAL PROPERTIES MATRIX
as they are prompted for
The m atr ix should be of artier 3
ROW 1 , COLUMN 1
7
1;
ROW 1 , COLUMN 2 =

NV;
ROW 1 , COLUIIN 3

‘3;
ROW 2 , COLUMN 2
‘7
1;
ROW 2 , COLUMN 3 =
7

0:
ROW 3 , COLUMN 3

—--- - - - - ~~--~~~~~- - -- - - - - -— - ---— -
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3 -NLl/ 2;

MATERIAL S MATRIX MODIFICATION
- - The OPT I ONS are

(1) DISPLAY THE MATERIALS MATRIX
(2) MODIFY THE MATER iALS MATRIX
(3) DISPLAY THE MATERiALS MATRIX MULTIPL IER
(4 IOOIFY THE MATERIALS MATRIX MULTIPL IER
(5) TERMINATE THIS FUNCTION

Enter the NUMBER ASSOCIATED with the CHOSEN OPERAT I ON
?
1;

- ‘ THE MATRIX IS
( 1  NU 13 3
I 3
(N U 1  13 3
( 3
I NU )

13 1 - - — )
2 ]

MULTIPL i ED BY -

E

- 2
1 - NU

Enter the NUMBER ASSOCIATED with the CHOSEN OPERATION
‘7
2;

MODiFY THE MATER !ALSMATR IX
ONL Y THE ELEMENTS ABOVE THE DIAGONAL. NEED BE ENTERED

ENTER THE ROW NUMBER
‘7

3: -

ENTER COLUMN NLII1BER

3;
ELEMENT I3,3] WAS -

NU

ENTER NEW VALUE -

(1—NU)/2;
Enter the NUMBER ASSOC I ATED with the CHOSEN OPERATION

6;

---

~

—--

~

----- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - - - --~~
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* AUX IL. I ARY TERII PROCESSOR *
ENiER~i~LEMENT VOLUME MODIFICATION FACTORS OR AUXILIARY TERMS
TYPE ‘END;’ to TERMINATE
‘7
T;

END;

AUJX IL I ARY TERM MOO IF! CATION
The OPTiONS are

(1) DISPLAY THE AUXILIAR Y TERMS
(2) MOOIFY AN AUXILIARY TERM
(3) TERMINATE THIS FUNCTION

Enter the NUMBER ASSOCIATED with the CHOSEN OPT I ON
‘7 -

3;

* INTEGRATION LIMITS - ISOPARAMETRIC *
Since the NATURAL. COORDI WAlES CPCC if I ccl are NOT INDEPENDENT ,
you need ENTER only the LOWER LIMITS OF INTEGRATION

NATURAL COORDINATE , Li
UPPER LIMIT -

1
ENTER tile LOWER LIMIT
.7

13;
NATURAL COORDINAT E, L2
UPPER LIMIT
1 - Li -
ENTER the LOWER LIMIT
7
1;
THIS LIMIT OF INTEGRAT I ON MUST BE AN I NTEGER , EITHER -1 OR B.
PLEASE RE--ENTER. 

-

7

13;

< A semantic check on the i nput flagged an error in the specif ication
of the l ower lim i t  of integration. ‘

* JACOBIAN GENERATION - ISOPARAMETRIC *
* B MATRIX GENERATION - ISOPARAMETR IC *
* INTEGRATION PROCESSING - ISOPARAMETR IC *
* OISPI.AV PRE-PROCESSOR - I SOPARAMETRIC

* DISPLAY PROCESSOR * 

~~~~~~~~~~~~~~~~
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The options for OUIPWTING the STIFFNESS MATRIX arc
(1) Upper tr i angu lar par t ion in a I gebra Ic form at
12) FORTRAN CARD I MAGE format

ENIER the NUMBER ASSOCIATED with YOUR SELECTION.
.7

1; -

-~

Mu lt i p ltj  each coefficient by
El

IX Y - X  Y - Y  X + Y  X + X  Y - Y  X I  ( N U - 1 )  (NU+1 )
2 3  1 3  2 3  1 3  1 2  1 2

ROW 1 , COL 1

2 2 2 2 2
- (X NLI - 2 X  X NL I +X N U - 2 Y  + 4 Y  Y - X  + 2 X  X - 2 Y

3 2 3  2 3 2 3  3 2 3  2

2
-X )/4

- 
2

ROW 2, COL 1

2 2
(X N U - X  X N U - X  X NU + X  )( N U - 2 Y  .m- 2Y V t - 2 Y  Y

3 2 3  1 3  1 2  3 2 3  1 3

2
-X  + X  X ÷ X  X - 2 Y  V - X  X )/4

3 2 3  1 3  1 2  1 2

ROW 2, COL 2

2 
- 

2 2 2 2
- I X  N I J - 2 X  X NU -i- X N U - 2 Y  + 4Y V - X  + 2 X  X - 2 Y

3 1 3  1 3 1 3 3 1 3  1

2
- - - X ) /4

- 1

ROW 3, COL 1

2

~ 

~~~~~ -~~~~~~~~‘—-—--‘----. _~~~ -— - .



—a- -a-- — ~~~~~~~~~~~~~~~~~~~~~~~ - -- —_ 
-
~ -

67
I LIUS I RA 1 I Vi EXAMPLES

- LX X N U - X  X N U - X  N U + X  )( NIJ -~~~Y V + 2 Y  V — X  X
2 3  1 3  2 1 2  2 3 1 3 2 3

I
. 

2. 2
- 

- 

+ X X + 2 V - 2 V V + X - X X )/6
- 1 3  2 1 2  2 1 2

ROU 3, COL 2 
-

2
( X X  N U - X  X N U - X  X N U + X  N U - 2 Y  V -,-‘ 2 Y  V - X X

2 3  1 3  1 2  1 2 3  1 3  2 3

2 2
+ X  X + 2 Y  V + X  X - 2 Y  -X )/4

- 1 3  1 2  1 2  1 1

ROW 3, CDL 3

2 2 2 2 2
- (X N U - 2 X  X N U + X  N 1 J - 2 V  ÷ 4 Y  V - X  + 2 X  X - 2 Y

2 1 2  1 2 1 2  2 1 2  1

2
- — X )/4

- 

1

ROW 4 , COL 1

(X - X )  (V - Y )  ( N U + i )
- 3 2 3 2

4

ROW 4 , COL 2

(X V  N U - 2 X  V N U + X  V NU + Y  X N U - 2 Y  )( N l J - X  V NU
3 3  2 3  1 3  2 3  1 3  1 2

+ 2 Y  X N U ÷ X  V -X  V - Y  X ÷ X  Y )/4
- 1 2  3 3  1 3  2 3  1 2

ROW 4, COL 3

(X V  N U - X  V N U - 2 Y  X N U + 2 Y  X NU + X V N U + X  V NU
2 3  1 3 . 2 3 ’ 1 3  2 2  1 2

- - 2 Y  X N U -X  V -i- X V + X  V -X  V )/4

-

~

-

~ 

-~ —~ - ----~~—~
_- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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1 2  2 3  1 3  2 2  1 2

ROW 4 ~- 
- CDL 4

2 2 2 2 2
- (V N U - 2 Y  V N U + V  N U - V  + 2 Y  V - 2 X  + 4 X  X - Y

3 2 3  2- 3 2 3  3 2 3  2

2 j- 2X ) /4
2

ROW S, COL 1 
-

(X V  N U + X  V M J - 2 X  V N U - 2 V  X N U + Y  X N U ÷ 2 X  V Nt) j
3 3  2 3  1 3  2 3  1 3  1 2

- Y  X N U + X  V - X  V - V  X + Y  X )/4
1 2  3 3 2 3 1 3  1 2

ROW 5, COL 2 -

(X - X )  (V — Y )  (NU +i ) 
-

3 1 3 1

ROW 6, COL 3

- (X V N U - X  V N U - 2 Y  X N U + 2 Y  X NU -s- 2X V NU
2 3  1 3  2 3  1 3  1 2

- Y  X N U — X  V N IJ -X V + X  V + V  X - X  Y )/4
1 2  1 1 2 3  1 3  1 2  1 1

ROW S, COL 4

2 2 2
(V N U - Y  V N U - V  V NU + Y  V N U - Y  + Y  V + V  V - 2 X

3 2 3  1 3  1 2  3 2 3  1 3  3

+ 2 X  )( + 2 X  X - Y  V - 2 X  X )/4
2 3  1 3  1 2  1 2

ROW S, CDL 5

2 - 2  2 2 2

- - 

- —-~~~~~~~~- -~~~~~~—---~~~~~~~—--~~~~~~~~~~~~
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- (V NU - 2Y  V Mi -i- V N U - v  - i - 2 Y V - 2 K  + 4 K  K - - V
3 1 3  1 3 1 3  3 1 3  1

• 2
- - 2 X ) / 4

1

HOW 6, CDL 1
-

- 
— (2X V N U - 2 X  V NI U - V  X N U + Y  X N U - X  V NU

2 3  ‘ 1 3  2 3  1 3  2 2

• + 2 X  V N U - Y  K N I J+Y X - Y  X - X V  + Y  X )/4
1 2  1 2 2 3 1 3 2 2 1 2

ROW 6, COL 2

(2 K V  N U - 2 X  V N U - Y  X N U + Y  X N U + X  V N U — 2 Y  X NU
2 3  1 3  2 3  1 3 1 2 1 2

+X  V N U + Y  )( - Y  K - X  V ÷ X  V 1/4
1 1  2 3  1 3  1 2 i i

- R(JUG , COL 3 
-

(K — X )  (V — Y )  (NU -,- i)
2 1 2 1

4

ROW 6, COL 4

2
- (V V N U - V  V N U - V  NU + Y  V N V - V  Y + V  V - 2 K  K

2 3  1 3 2 1 2  2 3  1 3  2 3
- 

2 2 
-

+ 2 X X + V - V V + 2 X - 2 X X 1/4
1 3  2 1 2  2 1 2

ROW G, COL S

2
(V V N U - Y  V N U - Y  V NU + Y  N V - V  V + Y  V - 2 K  K

2 3  1 3  1 2  1 2 3  1 3  2 3

- 
- 2 2

+ 2 K  X + Y  V + 2 K  X - V  - 2 K  )/4 

---— - -- -~~~ - - - -—-~~~~— ~~~- - -- --
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1 3  1 2  1 2  1 1

ROW 6/COL 6

2 2 2 2 2
- (V N U — 2 V  V N U + Y  N U - Y  + 2 Y  V - 2 X + 4 X  X - Y

2 1 2  1- 2 1 2  2- 1 2  1

2
-2X )/ 4  

-

4 1

< Disp l ay option 2 produces: >

The options for OUTPUTTING the STIFFNESS MATRIX are
(1) Upper triangular portion in algebraic format
(2) FORTRAN CARD I MAGE format -

ENTER the NUMBER ASSOCIATED with YOUR SELECTION.
-7

2;

Enter the FORTRAN ARRAY NAME f or the STIFFNESS MATRIX
.7

STIFF; 
-

Mmii tiply each coefficient by

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
1 )*(NU-1)*(NUJ÷1))

The STIFFNESS MATRIX is

STIFF (1 , 1) — — (K (3) **2*NtJ—2*X (2) *X (3) *NUi-X (2) **2*NU—2*Y (3) **2+4*Y (
1 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
STIFF (2,1) .~ (X (3)**2*NU—X(2)*X (3)*NU—X (1)*X (3)*NUJ4X(1)*X (2)*NU—2*
1 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
2 (1)*Y(2)—X (1)*X(2))/4
STIFF (3, 1) — — (K (3) **2*NU—2*X (1) *X (3 *NU+X (1) **2*NIJ—2*V (3) ~-~-~2+4*Y

1 1)*V (3)—X (3) c2+2*X (1)*X (3)—2*Y(1)**2—X(1)**2)/4
STIFF (4,1) — (X (2)~ X (3)~NU..X(1)*X (3)~NU-X (2)**2*NLI+X(i)*X (2)*NU—2
1 *Y(2)*V (3)+2*V (i)*Y(3)—X(2)*X(3)4-X (1)*X (3)+2*V (2)**2—2*Y(1)*Y(2
2 )-i-X (2)**2—X(1)*X (2))/4
STIFF (S,1) — (X (2)*X (3)*N1l..X (1)*X (3)*NLl_X (1)*X (2)*NLI4X(1)*~2*NU—2*

1 Y(2)*Y(3)4-2*Y(1)*Y(3)—X (2)*X (3)+X(I)*X (3)+2*Y(1)*Y(2)4-X (1)*X (2)
2 —2*Y(1)**2-X(1)**2)/4
STIFF (6,1) = — (X (2)**2*NU—2*X (1)*X (2)*NUJ4X(i)~c*2*NU—2*V(2)**2+4*Y (

1 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
STIFF (7,1) = — (X (3)—X (2) )*(Y(3)—V (2))*(NLJ÷1)/’i
STIFF (8,1) — (X(3)*Y(3)*Mi—2*X (2)*Y(3)*NIJ+X(1)*Y(3)~~it)+Y(2)*X(3)*N

—-

~

- 
_ _ _ _
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1 u--~~V (1),~X (3)~-t i(.I—X (1)*V (21 r4Ll+2*V (1,*X (.’) NL)+X(3l*V (~-fl —x (1)*Y (3
2 )--V (2) *X (3)-iX (I) *Y (2))/ 4 -

STIPF (~J,1) ( X ( 2h ’cY ( 3) i t J - - X ( 1) ~c Vt 3) c. N U - - 2 * Y ( 2) * > ( ( 3) cc t - lU i 2 * Y ( 1) *X ( 3)
- ~ *NL I-~X (2)*Y(2)*N(l4X(1)*Y(2)*NLI--2*Y(1)*X (2)~ NU--X (2)*V (3)4X (1)*Y (3

- 2 )-m-X (2)*V (2)--X (1)*Y (2))/4
STIFF (10, 1) — (V (3) **2*NU—2*Y (2) *Y (3) *NU-i-Y (2) **2*W U—Y (3) *~2+2*Y (2
1 )*Y(3).•2*X(3)**2-i-4*X(2)*X(3)—Y(2)**2-2*X(2)**2)/4
STIFF (11 ,1) (X (3)*Y(3h;-141J÷X(2)*Y(3) -NIi--2*X (1)*Y (3)*NtJ—2*Y (2)*X (3

1 )*ti-Y (1)*X (3)~ NU42*X(1)*Y (2h-cNU--Y t 1)*X (2)*NU4X (3)*Y(3)—X (2)*Y (
2 3)--Y(1)*X (3)+Y(1)*X (2))/4
STIFF (12,1) — — (X (3)—X (1) )*(Y (3)-Y (1))*(NLJ-~1)/4
STIFF (13,1) (X (2)*V (3)*NU-.X (1)*Y(3kNLJ-2*Y(21*X (3)*NU42*Y(1)*X (

1 3)*NlJ42*X ( J. ) *Y (2 h~Nt)~Y ( 1) *X (2h~rNi.’ - - X ( I )~ Y ( 1)~ NU--X (2 )*V (3)4K (1) *V
2 (3)-i-Y(1)*X (2)—X (1)*Y (1) )/4

STIFF (16 ,1) (‘V (3)*~:2*NU— Y ( 2 ) * Y ( 3 )~ NU—V ( 1 )~cY (3hcNU+Y(1) ~:Y (2)~ NU— Y
1 ( 3) * * 2 - l - Y ( 2) * Y ( 3) - , - Y ( 1) * Y ( 3) ~ 2~X ( 3) * * 2 4 - 2 *X ( 2) *X ( 3) 4 - 2 *X ( 1) ~: X ( 3 ) — Y (

- 2 1)*V (2)—2*X (lh-cX (2))/4 
-

STIFF (15, 1) — (V (3) * 2~ JIJ —2*Y (1) *V (3) ~Nti4-Y (1) *~2*Nt1—Y (3) *~:2+2*Y (1
1 )*V(3) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
STIFF (lG ,1) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

1 3) *NII—X (2) ~Y (2) *I-I m+2~X (1)*’V (2) *NU—Y (]J ~X (2) ~NU+Y (2) *X (3) —V (1) *X
2 (31 --X (2)*V (2)-m-Y(l)*X (2))/4
STIFF (17,i) = (2*X (2 ) *Y (3)~-N(l—2 ;cX ( 1) *Y (3 )~ tJL J- -Y (2 )* ) ( (3 ) * Nt J +Y ( 1)*X (3
1 )*NIJ4X(1)*Y(2)*ti_2*Y (1)*X (2)*NLI4X(1)*Y(1)~iNLl+Y (2)*X (3)—Y (1)*X (
2 3)--X (1h~cY(2)-i-X (1)*Y (1))/4
STIFF(18,1) — (X (2)—X (1))*(V (2)--Y(1))*(NLI+1)/4
STIFF(19 ,1) — — ( V1 2 ) *Y(3) 41J—Y (1)*V (3)* NU•-Y(2)**2*Nt)+Y (1)*V (2)* NU—
1 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
2 *X(2)**2-2*X (1)*X(2) )/4

STIFF 2B,fl — (V (2)*V (3)*l~iU_Y(1)*Y(3)*MJ..Y(1)*Y(2)*NU.mY (1)**2*Nt.m-- Y 
-

1 (2) *Y (3)4-V (1) *V (3) —2*X (2) *X (3) +2*X (I.) *X (3) +Y (1) *Y (2) +2*X (1) *X (2
2 )—Y (1)**2—2*X(1)**2)/4 -

STIFF (21,1) — — (Y(2)**2*NU—2*Y(1)*Y(2)~NU÷Y(1)**2*NIJ--Y(2)**2-i-2*Y(1
1 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

3.3.3 Compar i son and Verification

< The verification for this case consists of compar i ng the results of
l~oth formulations w ith a fiducial vector , “RUBEV2 ” , adapted from
Rubenstein (141 , pages 1137—h O. The element rei,resente-d by RUL3EV2 is
l ocated in space such that: X (1)=0, V (1)~0, Y(2).~U, XMIN..0, YMIN-0,Xr lAX .X (2) , YI1AX~Y ( 3) .  For each formulat ion , the ca lcu la ted vector is
eva luated for these boundary conditions and subtracted from the
fiducial vector thys produc i ng a null vector . >

For the generalized coordinate formul ation : >

(01) (06K , AK1G]

(C2) LOADF ILE(%3G,VALS); 

---- - - -  - - - —--~~~~~~~~~~~~
—--— -——  - - ~~~ - 
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%3G VAL.S 06K AK1G be inçj I oacled
I oai-l i nçj clone
time ’. 2(398 mccc.
([12) DONE

(C3) FUNCTIONAL. (1,i]; 
- 

-

time — 1 mf ec.
2 - 2 2 2

(03) — (K N U - 2 X  K N L J ÷ X N l i - 2 Y  + 4 Y  V - X  + 2 K  X
3 2 3  2 3 2 3  3 2 3

2 2
— 2 V — X I (XtIIN — XLIAX) (YMIN — YMAX)/2

2 2

(C4) FACTOR;
time ” B msec.

2
(06) — E T/(2 (X V — X V — V K + V )~ + K V — V X I

2 3  1 3  2 3 1 3 1 2  1 2

(NU 1) (NU + 1))

(CS) FIL: FUNCTIONAL*FACTORfl
time - 256 nisec.

(C6) FTL [1,1); -

t im e~ 1 msec.
2 2 2 2

(06) E (K N L I - 2 X  K N U ÷ X  N U - 2 V  + 4 Y  V - X  + 2 K  K
3 ‘2 3  2 3 2 3  3 2 3

2 2
— 2 V — X ) T (XLII N - XMAX) (VIIIN — YMAX )

2 2

2
/(4 (K V — K V — V K + Y X + K V - V X I (NLI — 1)

2 3  1 3  2 3  1 3  1 2  1 2

(Nil 4- 1))

< Expression (06) is element (1 ,1) of the stiffness matrix generated
for the generalized coordinate formuiation . This matrix is stored
under the name, “FTL” . >

(C7) LOAOF ILE (CST ,FIO);

CST FID OSK AK1G being l oaded
loading clone
time ” 1678 msec.
(07) - DONE 

~~~~~~~~~~ - . k  
- 
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( C 8) RtIL~EV2 (1,1)
t i mne’~ 1 Inr3ec.

2
/ CX — X I  (1-NU )

,
._; (_

E (  -s - Y ) T
2 - 3

(08) r - -
2

2K  V (1-NU )
2 3

— 
< Expression (08) is element (1 ,1) of thQ stiffness matri x in
Riibe:-u~tein ’s example. This matrix is stored as t1RUBEV2” . >

<. The genera Ii ~:ocI coord I nate stiffn es s inc ti- i x  is oval uatecl at the
boundary condi t ions:  >

(CS) FTL:EV (FTL ,XFIIN’~I3,XI1AX=X 12] ,YM IN=13,YMAx=Y E3] ,X 11J = 13,Y ( 1] ’~13 ,Y (2 ) .
~13

time — 3771 msec.

(C1(3) FTL (1 ,h);
time’. 1 msec. -

2 - 2 2 2 - 2
E (K N U - 2 X  K N U + X  N U - 2 Y  - X  + 2 K  X - X )  T

3 2 3  2 3 3 2 3  2 -
(018) 

4 K V (NU - 1) (Nt) + 1)
2 3

(Cl i) FTL (1 ,h1—RUBEV2(1 ,1]a -

time .’ 9 ,nsec.

(C12) RATS I MP (%);
time — 110 mse-c.
(012) 

- 

0

(C13) FTL-.RLIBEV2I
tim e— 677 mccc. -

(C14) RATSIIII’(%); 
-

time - 2879 mccc.
(Oh ) IIATRI K ( (B] , (0] , (0) , (01 , (0] , (0) , 10] , (0] , (0] , (0)

(K + X )  N U + X  - X
3 2 .  3 2

( -.- ((K + X  ) V ENU + ((K - X  ) V - 2 Y  ( ))
3 2 3  3 2 3  3 2

2
E) T/(4 K V NU — 4 K V ) ] ,  (0], 10), 101, (0), 113), (0), (03 ,

2 3  2 3

~ 

---
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(13] , 10] , (0] )

< Expr~,èss ion (016) contain s the term by te i -m di f ference be ti-iron tIte
nmtr ix genera ted by ~~~~~~~~~ and that i l l Rube,lotC In ’ o examp le. For an
undetermined reason, MACSYIIA i s unable to rrcoyn i~~e tI- i~ -t e leme n t  11
of t i- il o vector is equal to zero,  To ovei-come th is , the e I emne nt I s
pre~

;eIltCCl , in the fo P b it ing line s , in a fornic~t t I- iat makes til l o
evaluation obvious by inspection. >

(CiS) ~ (1i, i];
tim e” 1 m~e-c.
(015) - ((X + K ) V E NU + ((K - X ) V

3 2 3  3 2 3

(K + X ) N U + X  - X
- 3 2 3 2 2

— 2 Y (  )) E) T/(4X  V NU - 4 K  Y )
3 2 - 2 3  2 3

(FAG) NUI1(%)
time — 11 mooc.
(016) - ((X + X I V E NU + ((K - K ) V

3 2 3 3 2 3

(K 4 X )  N U + X  - X.-,
.) ‘•

- 2 V ( )) E) T
3 2

(C17) EV (%,E= 1,T=1);
tim e= 28 msec.

. (K + X ) N U -m- X - X
- 

3 2 3 2
(017) - (K + X ) V NU + 2 V ( I — (K — K ) V

3 2 3  3 2 3 2 3

(C18) EXPAND (%);
tim e— 25 mccc.

X N U  X N U  X X
3 2 3 2

(018) - X  V N U - X  V N U + 2 Y  ( ÷ + I - x  V
- 3 3  2 3  3 2  2 2 2 3 3

— + X  V
2 3

< Expression (018) is a factor of the numerator of the 11th element.
After expand i ng the term in parenthesis , it can be seen tha t tile
fol low ing pa i rs  of terms cancel: 1 and 3, 2 and 4 , S and 7, and 6 and
8. Thus element 11- is i ndeed zero and the generated stiffne ss m atrix
i s  equivalent to the one presented by Rubenctein. >

- --—-—--— 
- ---

~~~--- -— - -- --- ~ — --~-- - - -- -~~~~~~~ -~~~—- --- - - -  ~.1
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(CiS) CLOSEFILE (%VER ,C3G);

< Fop- the i soparai:ie tr i c forniu I at ion an ident ic a l  compar i son i s made
between the generated matrix and Rubenstein ’ s: >

(Dl) (05K, AIC1G] -

(C2) LOAflF I LE (%3 1 , VAL.S) -

%31 VA LS 06K AKIG be ing l oaded
load i ng done
t ime”  1922 mccc. -

(02 ) DONE

(C3) FTL: FUNCTIDNAL~FACTORg
t ime s 176 mnsec.

(C41 FTLL1,1 );
tine .’ 1 mccc.

2 2 2 2
(134) E (X N U - 2 X  K NL I + X N U - 2 Y  + 4 Y  V - K  + 2 K  K

3 - 2 3  2 3 2 3  3 2 3

2 2
- 2 V — X ) T/(4 (K V - X V - V K + V K + X V - Y X I

2 2 2 3  1 3  2 3  1 3  1 2  1 2

(NLI - 1) (NU + 1))

< Expression (04) is element (1, 1) of the stiffness matri x generated
for the i soparametric formulation. >

(CS) LOADFILE (CST ,FI 0);

CST FIO OSK AK1G being l oaded
l oad ing  done
t ime”  1976 msec.
(OS) 

- 
DONE

(CS) RUBEV2 [1,1);
t ime — 1 mccc.

2
(X — X I  (1 - NU) -

3 2 2
E ( + Y ) T

2 3
(06 )

2K V (1 -NU
2 3

- -.. •.‘-‘rsc s iffn ess Matrix s eva l uated for the boundary

_ -~~ - -  _- --~~---~~ --
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cond i tions .  >

(C7) FTL :EV (FTL,X11) .~0,V (1].~13,V(2]..(3)~i

You hove run out of LIST space.
[Ii, you want more?
Tt~,e ALL ; NONE: a l eve l --no, or the name of a space.
LIST; -

time - 3761 mccc.

(CR) FTLI1 ,l);
t i m e~ 1 mccc. -

2 - 2 2 2 2
E (K NU - 2X K N U + X  N U - 2 V  - X  + 2 X  X - K )  I

3 2 3  2 3 3 2 3  2
(08) 

- 4X V (NU -h ) (NU+ 1)
2 3

(CS) FTL(1 ,1)—RUL3EV2(l ,1]
tim er 9 msec.

2 2 2 2 2
E (X N U — 2 X  K NU -m- X N U - 2 Y  - X  + 2 X  X - K I T  -

3 2 3  2 3 3 2 3 . 2
(09 ) 

4K V (NU- 1 ) (NU+ l)
2 3  -

2
- (K - X I  (1 - NU)

3 2 2 
+ V ) T

- 2 3

2
2 K V  (1-NU )

2 3

(ClO) RATSIMI’(%I;
tim e ” 111 mccc.
(010) 0

(Cl i) FTL-RUI3EV2II
time ~ 663 mccc.

(C 12) RATSII1I’(%) ;
time.’ 7822 mr,ec,
(012)- IIATRIX( 10] , 1W , [13) , [0) , 10] , [0] , [0) . 1W , 1W, 103 ,

- (K - i - X ) N U -i- X - X
.~~ ‘-

(.- ((K i - X )  V ENU + ((K — X I V  - 2 V  ( )I
3 2 3  - 3 2 3  3 2

--  - -  
~~~~~~

--
~~~~~~~~~~~~~~~~~

- - - -  - -—-- --~~~~
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2
E) 1/(4 X V NI) — 4 K V I], (0], 1(3 ) , ((3] , ((3] , ((3 ) , ((3) , [13] ,

-
‘ / 2 3  2 3

(0), (0), (0])

Once again , ti-ic cl if ference between the genera ted and fidUCial
matr i ces is determined. Element 11 of thus  vector is  handle d as in
the generalized coordinat e case. >

(C13) 012(11,1);
time — 1 mccc.
([113) - ((K + X I V E NU + ((K - X I Y

3 2 3  3 2 3

(K + K I N U + X  - X  -

3 2 3 2 2
— 2 V C I) El T/ (4 K V NU — 4 X V

3 2 2 3  2 3

(C14) NUM (%);
time — 11 msec. -

(0141 - ((X + X ) V E NU + ((K - K I V -

-

- 
3 2 3  3 2 3

- (K + K ) N U + X  - X
3 2 3 2

— 2 Y (  )) E) T
3 2

(CIS) EV(% ,E~1,T=1) ;
time — 29 mccc. -

- (X + K ) N U + X  - X
- 3 2 3 2

(O1S) - (X + K I V NU + 2 V C I - (X - X ) V
3 2 3  3 2 3 2 3

(CiG) EXPA NO(%) ;
t ime — 26 mcec. -

K NU X NU X K
3 2 3 2

(0161 - K  V N U - X  V N U + 2 V (  + + ) -X  V
3 3  2 3  3 2  2 2 2 3 3

+ X  V
2 3

(C17) CLOSEFJLE(%VER ,C3I);

~ 

- -
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3.4 Four Node Ouaciu’ i lateral

The no~lal l ocations and the degrees of freedom for the four node
quadri lateral are:

a L~..-3 - L.2
-

~~~~ 

- 

- 1 1.~
-

~~~ 4 
- ~t~ 4

3.4.1 Generalized Coord i nate Formulation

* SYSTEM INITIALIZATION *
WELCOME TO ***** VERSION 1.0
It is now WEONESDAY DECEMBER 7,1977 11:28:58
The current f i l e -  is [SYINIT , FCN]
The current device and username is [05K, AK1G)

Repor t problems to
ALAN R. KORNCOFF - 

-

DEPT. OF CIVIL ENGINEERING
CARNEGI E-LIELLON UN! VERSI TV
CIIU-1BA , AK1G -

Terminate all i nput with a SEMICOLON -
Input ‘?; ‘ for HELP

Input your LOGIN NAME

AK1G; -

Is AKIG correct ? (YES; or NO; )

.YES;

GREETINGS AK1G

* METHOD SELECTION *
The ova l lable formulations include

(1) THE ISOPARAIIETRIC METHOD -

(2) THE GENERAL IZED COORDINATE METHOD

~

-- - - -

~

---

~

- - -

~ 

~~~~~~~~~~~ - - ~~~~~~~
--

~~~
---

~~~~~~~~~~ -- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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P I ea~e enter the number of t I -ie ne thud chosen (1 OR 2)

2;
GENERALIZED COORDINATE FORI1LJLATJON

~ GENERAL I ZED COORD I NATE FORMULATION EXECUTIVE *

* GENE RAL I ZED COORD I NATE -FORI1ULAT ION I NIT I AL I ZAI I ON ~
Lb you w ish to set DUMP, BREAK or TRACE POINTS

NO;

* PROBLEM PARAME T ER SPECIFICATION - GENERAL IZED COORDINATE ~

I ilput the NUMBER OF ELEMENT NODES

4;

I nput the NUMBER OF DEGREES OF FREEDOM PER NODE

2:

Input the vector of the NAMES OF THE GLOBAL COORDINATES
There should be 2 elements
ELEMENT 1
K;
ELEMENT 2 -

I nput the vector of the NAMES OF THE OISPLACEF1ENI VARIABLES
There should be 2 elements
ELEMENT 1 —

U; -

ELEMENT 2

* SHAPE FUNCTION PROCESSOR - GENERAL I ZED COORDINATE *
ENTER the terms of the SI-IAPE FUNCTION ordered f rom
GENERAL IZED COORO I NATE 1 through coordinate 4.
ELEMENT 1
1;
ELEr-1ENT 2 -
K;
ELEMENT 3 —

ELEMENT 4 - -

X*Y;

< This  specification represents the disp lacement functions:
u - al + a2*x + a3*y + a4*x*y

~
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v ~a aS + aG*x + a7*y + a8*x*u~
i n wI-i i cl-i al through a8 are the genera Ii zeci cc’ord i no tee. >

SHAF~E,’FUNCTION MODIFICATION
The- OPTIONS are

(1) DISPLAY THE SHAPE FUNCT IONS
(2) (1001 FY THE SHAPE FUNCTIONS
(3) TERMINATE THIS FUNCTION

Enter the NUMBER ASSOCIATED w ith the CHOSEN OPTION

1;

The terms of the SHAPE FUNCTION are
Term i -

1

Term 2
K

Term 3 -

V

Term 4
K*V 

-

Enter the NUMBER ASSOCIATED with the CHOSEN OPTION

3; -

* B MATRIX DATABASE GENERATION *
The OPTIONS for specif y ing STRAIN COMPONENTS are

(1) USER—SUPPL I ED VALUES
-(2) LIBRARY VALUES

Please ENTER the NUMBER ASSOCIATED WITH YOUR SELECTION
?
2;

The LIBRARY OPTIONS for SPECIFYING STRAIN COI1PONENIS are
(1) USER-SUPPLIED VALUES
(2) ONE DIMENSIONAl. ELASTICITY
(3) PLANE STRESS
(4) PLANE STRAiN
(51 AXISYMIIETRIC
(6) LINEAR ISOTROPIC ELASTICITY - 30

Please ENTER the NUMBER ASSOCIATED WI TH YOUR CHOICE

3;

* MATERIAL PROPERTIES SELECTION * 
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lhe opt ions for the se l ect  ion of the MA ILHIA L I’h’Ol-’hHl IES IIAWIX are
(1) USER—SUI’F’LIED MATRIX
(21 LIBRARY MATR IX

Pleoso enter the NUMBER ASSOC IATED WI TH YOUR SELECTION

The LIBRAI-IY OPTIONS I or SPECIFYING MATERIAL PROPERTIES are
(1) USER-SUPPL I EO VALUES
(2) ONE DIMENS IONAL. ELASTIC! TV
(3) PLANE STRESS -

(41 PLANE STRA IN
(L) AXISYMMETRIC
(6) LINEAR I SOTROPIC ELASTICITY - 30

Pl ease ENTER the NLII1BER ASSOCIATED WITH YOUR CHO ICE

* AUX ILIARY T ERM PROCESSOR * -

ENTER ELEMENT VOLUME MODIFICATION FACTORS OR AUXILIARY TERMS
T YPE ‘END; ’ to TERM I NATE
?
T;

END;

AUXILIARY TERM MOO IFICATION
Tile OPTIONS are

(1) DISPLAY THE AUXILIAR Y TERMS
(2) MODIFY AN AL IXILIARY TERM
(3) 1ERMINATE THIS FUNCTION

Enter the NIII1BER ASSOCIATE D w i t h  the CHOSEN OPTION

3;

* IW 1EGRA TJON LIMITS - GENERAL I ZED COORD I NATE *
* I NVERSI ON OF MATRIX , A *

* B MATRIX GENERATION - GENERAL I ZED COORO~NATE *

* INTEGRATION PROCESSOR - GENERALIZED COORDINATE ~

* DISPLAY PRE.-PROCESSOR - GENERALIZED COORDINATE *
< To avoid exceed i ng the list storage capacity of this exper i m ental
vers ion of MACSYMA , the express ion s i m p l i f i c a t i o n  function in the
disp lay pro—processor phase was bypassed. >

* DJSPLAY PROCESSOR *

_ _ _
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< Am thu oupL~t is vo luminous , onl y the f i s - ti t coofficen t is cl i r,pl ayuci
Ilere. >

The op!t i one for DUb PUb TI NO the ST I FFNESS h AIR IX arm
(1) Upper tr  1 angu I or per t ion in a I çjebra i c format
(2) FORTRAN CARD IMAGE format

ENT ER the NUMBER ASSOCIA T ED w i t h  YOUR SELECTION .
7 -

1;

thu t ipl y each coe f f i c i en t  by
— E ~ T / ( EXPT (X *Y~~X * Y  — X * Y *X *Y — Y * X *X *Y + Y * X *X *V

2 3 4 4  1 3 4 4  2 3 4 4  1 3 4 4

+ X * Y *X *Y — V * X *X *Y - X * X *Y *Y ÷ X * X *Y *Y + X * Y *X *Y
1 2 4 4  1 2 4 4  2 3 3 4  1 3 3 4  2 3 4

— X *Y *X * Y — K *)( *Y *Y + K *V ~ ~ 
- - 
~ + V *X * V *X — V *X ~ V

1 1 3 4  1 2 2 4  1 1 2 4  2 3 3 4  1 3 3 4

— K *Y *Y *X + K *Y ~Y *X ~ Y *X *Y ~X — K ~ *X — K *Y *X *Y
2 2 3 4 . 1 1 3 4  1 2 2 4  1 1 2 4  1 2 3 3

+ V *X *X *Y + X *X ~ ~Y — ~ *Y *X *Y - V *X aY *X
1 2 3 3  1 2 2 3  1 1 2 3  1 2 2 3

+ X *Y *Y &( )1~(NU — 1)*INII + 1))
1 1 2 3

< The (IACSYMA function , EXPT . i s u~eci to r I ~r~ ’,i’nt a value equal to
its fir s t argument ra ised to the exponent g iven tiy It s second
argument.>

ROW 1, COL 1

(K *IV — V I — K ~ — V ~(X — K 1 V *X I
2 4 3 3 4  2 4 3 3 4

3 3 3 3
Kill N*YMIN XMAX*YI1IN (1 — NUh~X MJN *YIIIN (1 — Ml)*KIlA)~ *YMIN 

+ 
3 3 6 6

3 3 3
XMIN*YIIAX XIIAX*YTIAX (1 - NW~XrUN *YIIAX 

+ 
3 3 6

3
(1 — NU)*XMAX *VMAX

+ 1 + 2*(X *(Y — V I — K *Y — Y *1K - K
6 - 2 4  3 3 4  2 4  3 
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-

• - a %i • I • ~J U • U I I ‘.1-I- I U ii U I 1% U T — 
~ U ~ — X *Y * (\ — \ I — V *~ *Y 4- X UY U

3 4  2 6 6  3 3  2 2 4  3 3 4 4  3 3 4
- /

- 2 2 2 2
VMAX VII IN VIIAX YMIN

*(XI1AX*(-• ) — XIIIN*( I I
2 2 - 2 2

2
+ (- X *(X *V — X * V ) ÷ X * X ~~Y +X * Y *(X - X ) — X * Y *X )

2 4 4 ’ 3 3  3 4 4  2 2 4  3 3 3 4

(1 — NIl)*VMAX (1 — NLl)*YIIIN
*(XIIAX*( I

2 2

(1 — NLI)*YI1AX (1 — N1IL~Yt1IN
— Xl11 N~- ( I I

2 2

~- 2- - t X  *(Y — V I — X *Y — V *(X — K I + V *X
2 4 3 3 4 2 4 3 3 4

*(-  K ~ (X *Y - K *Y I + X *X *V + X *Y *(X — X I — K *Y *K I
2 4 4  3 3  3 4 4  2 2 4  3 3 3 4

2 2 2
(1 — NIJ)*XIIIN *YMIN (1 — NU) *XI1AX ,~Yt1IN (1 — NUh-1XMIN *YMAX 

4 4 4

2
(I - NU)*XMAX *YMAX

+ 
4

2
+ IV *1K *Y - X *Y I - K *V etY — V I - Y eX *Y + X *V *Y I

2 4 4  3 3  2 2 4  3 3 4 4  3 3 4

*(XIlAX~ (YIlAK — YMIN) — XIIIN* (VIIAX — YIIIN) )

3.4.2 Calibration of the Generalized Coordinate Result s

Since there are no tabulated, closed--form expressions again st
wh i ch the generated coeff icient s could be compared , a calibration
scheme was devised. The transverse de f lec t ion  of the free end of a
canti$nv c’r i)eam, as calcul ated using the qenerated sti ffness matrix ,
is compared to the va l ue determined using numer ical inteclration as
tabulated in Cook 1151 . Th~ cases of a moment and a transverse 

~~~ -~~~~~~~~~~~-- - —---- - - -~~~~~~~~—



~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

I

I LLIJSTI-(A1 I YE EXAMPLES 84

concent rated l oad app l ied to the free were considered:

CASE 1: End Moment -

The f lnite element mode l is shown be l ow: -

- 

] _
_ 

- 

ii 

- 
H

- 

- 5 -

CASE 2: Transverse Load at Free end -

Tile f i n i t e  element mode l is shown be l ow:

_ _ _ _ _ _ _ _ _ _ _ _ _ _
1_ p

• -I

5 Ip 
-

In both cases , the aspect ra t io  of the e lement i- s 5:1 and a unit
thickness is assumed . Young’s iloclulus and Poisson ’ s Rat io  are taken
as 1.0 and 0.25 respect ively .

The s t i f f ness  matr ix and common mu l t ip le  (var iables FUNCTIONAL and
FACTOR) from the execution presented In section 3,4.1 were evaluated
for the fol l ow i ng geometric boundary condi t ions and mate ri al proper ty
values:

X (1) ~ X(2) ~ S 
-

V (2) • Y(3) — 1 -

Y(1) — X(3) — K (4) • Y (4 )  .. 0
XIIAX — 5, YIIAX .

~ 1, XM!N VIIIN — 0
E - 1, NU 0.25 , 1 1

The displacement boundary condit ions l)r (
~ c-I’ il)O that degrees of

freedom 3, 4 and 8 are rest ra ined. The d e f l ec t i on  in the d i rec t ion  of
degree of freedom S is to be determined. The calculat ions are
summarize d be low:

- - 

—-- - - - - --- —— -~~~~~~~ ~~~~~~~~~-
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< FACTOR and FUNCTIONAL ai- c evaluated at the geometr ic boundary
a cond iti one and for the spec if i ed m ateri a l propertie s . ~

(C7) FACTOR ;
ti r n e~ (3 msec.
(071 - 1.70666666E-3

• - 
(C8) FLINCTIOI4AL ;
t i mes ’  2 usec.

[ 432.29167

- 369.79167 J
( I

432.23167 1
( I

- 216.16~ S28 I -

( 3
( 153.645328 3
[ ]
[ 432.23167 3
C I
I 153.645828 3
( I

- 216.165828 1
I I
I - 369.79167 3
1 3

432.29167
C I
C - 97.65625 1
C I

19.53125 3
( 3
C 97.65625 3
t I

- 19.53126 3
C 3

1857.29166 1
I 3

- 19.53125 1
I - I

97.65625 ]
( I
1 19.53125 1

(08) C I
I - 97.65625 3

S I
- 1033.85616 3

I 3
1 1057,29166 1
C I
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C 97.65625 3
C I

- 13.53125
-

- 1 3
- I — 97.65625 3

( 3
( 19.53125 3

- 1  3
C — - 528.64584 3

1 605.208344 3
C 3
-1 1057.29166
I I
1 19.53125 ]
C I

- C — 97.65625 3
C I
C — 13.53125 3
C 3

- 
( 97.65625 3
1 3

- 1 505.208344 1
I I

— 528.G4581i I
( - I
I — 1033.85416 1
I I
1 1057.29166 1

< Each coef ficient is i n ul t i p l ied by the common multiple. >

(CS) FUNCT I ONAL: FACTOR*FLINCT I ONAL Il
tii n e~ 71 msec.

< The vector is expanded into a square matrix. >

(ClOl NUI1:Og
time — 1 msec.

(Cli) FOR I THRU 8 00 FOR J THRU 1 00 (NUI1:NllIl+1 ,FT LCI ,JI:FTL (J, I3 :FUN
CT! ONAL. CNLII1, 1]);
t ime - 701 rnsec.
(011 1 

- 

DONE

(C12) ST!FF:GENIIATRIX (FTL,8,8);
t i mr:” 37 mr~ec. - -

1 0.737777784 1 1 — 0.631111115 3
( . I ( 3
I — 13.631111115 I 1 13.737777784

- - 
I I C 3
C - 0.36883888 3 1 0.26222221 3
1 3 C 3
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1. 13.26222221 1 1 - 2.36888866
(012) Ccl 1 ‘. I I Ccl 2 — 1 3

I — 13. 1(;(;GGGGCG I F (3.1333333333
1 3 1
I - 13.033333333 1 1 0.166566666

- 1  - C I C
1 0.166666666 3 1 — 0 .03 3 3 3 3 3 3 3  1

I - 1 1 3
C 0.033333333 3 ( - 0.166666666 1

r ri -,r’On.’c’C’Q I r r ~~~L — a,.~ A.)ôi.,t.)l.)u J L ~~~~~~~~~~~~~~
C I ~~ I I
1 0.26222221 3 C - 0.36883688 1
C I I I
1 13.737777784 1 1 — 0.631111115 1
I I C I
F — 0.631111115 3 1 0.737777784 I

Co I 3 C I Co l 4 = I I
C 0.166666666 1 1 - 0.033333333 3
1 3 1 3
1 0.033333333 3 C — 0.166666666 3
I 1 1 3

— 0.166666666 1 1 0.033333333
C I I I
C — 13.033333333 3 ( 0.166666666 1

I - 0.1GGGG6SGG I I - 0.033333333 ]
1 1 1 3
1 0.033333333 1 1 8.166666666 1
1 3 I I
C 13.166666666 1 1 13.833333333 )~I I C I

- 0.033333333 I C — 0.166666666 1
Col 5 1 3 Col 6 1 1

C 1.80444442 3 1 — 1.761i44443
1 3 1 1

— 1.76644443 1 1 1.8(3444442 1
I 1 1 3
C — 8.90222224 1 1 0.86222224 3
C I C I
1 0.86222224 3 1 - 0.90222224 1

( 0.166666666 I 1 0.033333333 1
( 1 1 1
C - 0.033333333 1 1 - 0.166666666 3
( I I I

— 0.166666666 1 C — 0.033333333 1
C I C I
C 13.033333333 3 I 0.166666666 1

Col 7 — C I Col 8 .. 1 3
- 0.90222224 1 C 0.8622 26 I

( 3 1 3
1 0.86222224 I C - 0.3132 222’i I 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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C I ( I
C 1.82644442 I I — 1.784441i4~ 3
I I I I

-
- , I — 1.76’i44443 3 1 1.813644442 3

< Tile m atrix is corrected for the cli spI~ cement bound,-lry conditions by
ci iminat inq rows and columIlS 3, 4 and 8. >

tCl3I ST-IFFREOUCEO:SUI3IIATRIX(3,4,8,STIFF ,3,4,8);
tim e— 8 rusec.

C 8.737777784 I I — (3.631111115 I
I 3 1 3
I — 13.631111115 3 1 13.73777778’i
1 1 1 3

(013) C ol  1 1 — 8.166666666 1 Col 2 = F 8.1333333333 3
I I I

- I — 13.033333333 I 1 13.166666666
1 I C
1 0.166666666 I C - 0.033333333 1

I — 0. 166666666 3 1 — 0.033333333 I
C I C 3
1 13.233333333 I ( 13.166666666 1
F I I I

Col 3 — 1 1.80444442 1 Col 4 = I — 1.761i441i43 3
1 3 1 I
C — 1.76644443 I I 1.80444442 3
I I 1 1

— 0.90222224 3 1 0.86222224 1

1 0.166666666 3
1 3
I - 0.033333333 1
C I

Col S = I — 9.98222224 1
I I
I 0.86222224 I -

F I
1 1.813444442 I

< The reduced matrix is i nverted. IIACSYIIA logs it s use of function
RAT. > -

(C14) RESULT:EV (STIFFREOUCEOtI-1 ,NUI1ER: TRUE);
RAT rep l aced 0.737777784 by 166/225 - 8.73777778
RAT replaced -0.631111115 by —142/225 - -0.63111111
RAT rep l aced -0.166666666 by -1/6 — -0.166666666
RAT r-ei: l aced —0.1333333333 by -1/30 -e.e33333333
RAT rep laced 0.166666666 by 1/6 = 0.166666666
RAT rep l aced -0.631111115 by -162/225 H -0.63111111
RAT replaced (3.737777784 by 166/225 - 0.73777778
RA F replace d 2.1333333333 by 1/38 u Ø 0333333~3
RAT rep l aced 2.166666666 by 1/6 — 8.166666666
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RAT rep laced —0.033333333 by — 1/30 -( 33~333~33
• RAT replaced •-0.166666666 by — 1 /6 n

RAT rep laced 0.033333333 by 1/30 0.033333333
RAT tqç la ced 1.80444442 by 406/ 225 1.80444445 V

RAT rep laced —1 .764446 1i3 by —397/225 .‘ -1 .76444644
RAT re placed —0. 9(3272224 by —2(33/225 .: -H.~ ø222222
RAT rep laced •.@.033333333 by -1/3(3 -0.1333333333
RAT replaced 0.166666666 by 1/6 (3.166666666
RAT rep laced — 1.764 44 443 by —397/225 = - 1.76’ i44444

• RAT rep laced 1.80444442 bLj 406/225 = 1.80446445
RAT rep laced 0.86222224 by 194/225 0.862722224
RAT rep laced 0.166666666 by 1/6 0.166666666
RAT rep laced -.0.033333333 by —1/3 0 -0.0:-:3333333
RAT rep I aced -0. 90222224 by -203/225 -0. 90222222
RAT replaced 0.86222224 by 191i/225 0.862 22221i
RAT rep laced 1.80444442 by 406/225 — 1.80444445
t i t n e~ 469 rnsec.
(014)

I 6.35642166 3.6445783 6.77710843 6.5271(3843 — 0.25  )

I )
3.6445783 6.35542166 - 6.77710843 - 7.02710843 - 0.25

I ]
V 1 6,77710843 - 6.77710843 46.939729 66.3855424 0.56418719 ]

1 3
V 1 6.52710843 - 7.02710843 46.3855424 46.585542 0.2 3

• 1  
•

V 3
• I - (3.25 - 0.25 0.55618719 (3.2 0.75418719 ]

< Degree of freedom S is represented by the third row of the reduced
matr ix . >

< For case 1, unit l oads are applied in the Pos itive and negative
direction of degrees of freedom 1 and 2 respectively. >

(CiS) OELTA1:RESULT(3,1]-RESULT I3,2];
tiine ’~ 3 Ifl 5CC.
(015) 13.5542169

~ For case 2, un i t loa ds are app li ed in the pos i t ivo direct ion of
degrees of freedom 5 and S and in the negative direction of degree of
freedom 7. >

(616) OELTA2:RESULT (3,31+RESULT (3,43-RESULT (3,53;
t ime - 4 msoc.
(016) 92.771085

In reference (16) Cook scales the results from the finite element
mode l w i t h  respect to a norma lized va lue generated by applyincj beam
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theor~j. I he cal cu I a ted d e f l e c t  ions of the f ree end of the can t 1 I evor

‘.ubj~ c ted to both I OEICJ i nçj ccind i t ions are tabulated 1 e lou. The va lue s
pr et;en ted are: (a) Cook’ s sca ( ccl r esu It from the f i n 1 t e c I emen t mode I

• (b) cu~ik’ s norma l i z e d  va lue from beam theory; (ci The va lue determined
from the generated st i f fness  matr ix  and (ci ) The un—normalized value
ca luculated from beam theory.

CASE 1:
(a) Cook ’s f inite element model: 9.0
(b) Cook’s normalize d beam theory va l ue: 103.0
(ci Result from generated stiffness matrix: 13.55
(di Un•-normalized t eam theory result: 160.0

• 
• 

Scaling the results form the generated stiffne ss matr ix produces
13.55 * 100.0 / 150.0 = 9.03

which agrees w i th  Cook’s results for the finite element model.

• CASE 2:
(a) Cook’s fi nite element mode l: 9.3

V (hi Cook ’s norma lized beam theory value: 1(32.6

V 
(c) Result from generated stiffness matrix: 92.8

V 
(di Un—norma l i zecl beam theory resul t:

(def lect ion clue to bending =) 1000
• + (de f lec t ion  due to shear =1 30

= 1030

Scat ing the results from the generated stiffness matr ix produces
92.8 ~ 102.6 / 1030.0 = 9.2

wh ich agrees well wi th  Cook’s results for the finite element model.
The dev iation here is most likely clue to the difference in the va l ues
calculate d using beam theory.

• Thus, the val ues c a l c u l a t e d us ing t he generate d temp l a t e  agree
quite well with the tabulated results .

3.4.3 Isoparametric Formulation

* SYSTEM I N I T IA L I ZA UON *
WELCOME TO ~r;*** VERSION 1.0

It is now WEDNESDAY DECEMBER 7,1977 10:0:7
The current f i l e  is (SY INIT , FCN)
The current dev i ce and username is (OSK , AK 1GJ V

Report prob l ems to
ALAN R. KORNCOFF
DEPT. OF CIVIL ENG I NEERING

V CARNEGIE.•MELLON UNIVERSITY
CIIU-1OA , AK1G

- ~~~~~~~~~~~~~~~ ~~~ • • •• 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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leriii inate a l l  input with a SEMICOLON — ‘ : ‘
I npu t .’?:’ for HELP

Input your LOGIN NAME

AKIG;
Is AK1G correct ? (YES; or NO;)

YES; V

GREETINGS AK1G

* METHOD SEI.ECTION *
V The availab le formulations inc l ude

(1) THE I SUPARAMETRIC METHOD
(2) THE GENERAL I ZED COOROINATE METHOD

• P1 case enter the number of the method chosen (1 OR 2)
.7
1:r I SOPARAMETRIC FORM (JLATION

* ISOPARAIIETRIC FORMULATION EXECU1 IVE *
* ISOPARARfIETRJC FORMULAT ION INITIAI. IZAI ION *
Do you w i s h  to set DUMP, BREAK ~ TRACE POINTS

YES;

1. 1 SOE I N 2. 1 NI’ I SO 3. SFNI SO 4. BIIOATA
5. MATERL 6. AUXTER 7. LIMTIS 8. JACOBN
9. BIIXISO 10. IN1 ISO 11. DISIPP 12. DISPLY
SET DUMP POINTS
Designate selected PHASES by enter i ng
the associated integer I NDEX or ‘ALL’ for all phases.
Type ‘EM)’ to TERMINATE.
.7

END;

1. I SOEIN 2. INP I SO 3. SFNISO 4. BfIDATA
5. MATERt. 6. AUXTER 7. LIMTIS 8. JACOBN
9. OIIXISO 10. INT I SO 11. DISIPP 12. DISPLY
SET BREAKPOINTS

V O~sI gnate selnctncl PHASES by enter i ng
the associated integer INDEX or ‘ALL’ for all phases.
Type ‘END’ to TERMINATE.

• .7

9:

• END;

-I
- V ~~~~~~~~~~~~~~~~~~~~~~~ ~~ 

~~~~~~ • 4
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• 1. 1 ~ JEI N 2. 1 M’J 60 3. SFNI SO 6. BIIDATA
• 

• 

S. IIATERI. 6. AUXTER 7. LIMT IS 8. JACOBN
2 9. BMX (SO 10. INTISO 11. OISIPP 12. DISPLY

SET .TRACE POINTS
Designate se l ected PHASES by enter i ng
the associated integer INDEX or ‘ALL’ for all phases.
Type ‘END’ to TERMINATE .

V ?
END;

* PROBLEM PARAMETER SPECIFICATION - ISOPARAIIETRIC *
I nput the NUMBER OF ELEMENT NODES
.7

4:

I nput the NUMBER OF DEGREES OF FREEDOM PER NODE
?
1~,

I nput the NUMBER OF NATURAL COORD I NATES
.7
2; -

I nput the vector of the NAMES OF THE NATURAL COORDINATES
There should be 2 e lemen t s
ELEMENT 1
S;
ELEMENT 2

input the vector of the NAMES OF THE GLOBAL COORDINATES
There should he 2 elements
ELEMENT 1 -

ELEMENT 2 -

Input the vector of the NAMES OF THE DISPLACEMENT VARIABLES
There should be 2 elements

• ELEMENT 1
U;
ELEMENT 2 -
V;

* Sl•IAPE FUNCTION PROCESSOR - I SOPARAMETRIC *
ENTER the terms of the SHAPE FUNCTION ordered from
node 1 through nod e 4.
The 4 elements w i l l  be Prompted for
ELEMENT 1 V
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1/4*11451*11—Ti
ELEIIENT 2

• 1/4*fi+S)* (1+T);
ELEM1~N1 3

V 1/4~i(1—S)*(1+T):
ELEMENT 4 —

V 

SHAPE FuNCTION MODIF ICATION
The OPTIONS are

(1) DISPLAY THE SHAPE FUNCTIONS
(2) MODIFY THE SHAPE FUNCTIONS

• (3) 1ERMINATE THIS FUNCTION
Enter the NUMBER ASSOCIATED with the CHOSEN OPTION
7
1;

V The terms of the SHAPE FUNCTION are
Term 1

V (S + 1)*(1 — T i

4

• Term 2
(S + 1)*(T + 1)

4

Ter m 3
• (1 —

• S)*IT + 1)

4

V Term 4
(1 — S)*(1 — T)

4

Entcc the NUMBER ASSOCIATED with the CHOSEN OPTION
.7

3;

* B MATRIX DATABASE GENERATiON *
The OPTIONS for spcc i f y ing STRAIN COMPONENTS are
(1) USER-SIEPIIEO VALUES
(2)  LIBRARY VAI.UES

Please ENTER the M.IIIUER ASSOCI ATED WITH YOUR SELECTION
.7

2:

The LI BRARY OP TI OHS for SPECIFYING STRA I N COI1PONE N IS arc
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V (1) USFR—Sl.Il’PL. 1 ED VAL.UES
• V (2) ONE DII1ENS IONAL ELASTICITY

(3) PLANE STRESS
(‘t),PLANE STRAiN
(is ) AXISYIIIIETRIC
(6) LINEAR ISOTROPIC ELASTICITY - 30

• Please ENTER the NUMBER ASSOC IATED WITH YOUR CHOICE

4 .~ MATERIA L PROPERTIES SELECT ION *

The options for the se l ection of the MATERIAL PROPERTIES MATRIX are
(1) USER-SUPPLIED MATRIX
(2) LIBRARY MATRIX

Please enter the NUMBER ASSOCIATED WITH YOUR SEI.ECTION
7

The LIBRARY OPTI ONS f or SPECIFYING MATERIAL PROPERTIES are
(1) USER- SUI’PL I ED VALUES
(2) ONE DIMENSIONAL ELASTIC ITY
(3) PLANE STRESS
(4 ) PLANE STRAiN
(Si AXISYtIIIETRIC

V (6) LINEAR ISOTROPIC ELASTICITY - 30
Please ENTER the NtJMB~R ASSOC I ATED WITH YOUR CHOICE
.7

3;

* AUXILIARY TERM PROCESSOR *
ENTER ELEMENT VOLUME MODIFICATION FACTORS OR AUXILIARY TERMS

• TYPE ‘END;’ to TERMINATE
.7

1 H;
?
ENI);

AUXILIARY TERM MODIFICA T ION V

The OPT IONS are
(1) OISPLAY THE AUXILIARY TERMS 

V

(2) MODIFY AN AUXILIARY TERM
(3) TERMINATE THIS FUNCTION

Enter the NUMBER ASSOCIATED with the CHOSEN OPTION

.1
* INTEGRATION LIMITS - ISOPARAMETRIC *

V 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V~ V~~V
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4
‘1 a

ENTER tho l_ IMIIS OF IN1EGRAT ION for NATUHA(. COORD INATE, S
V -- LOWER LI lii T —

4. 1 
V

V — ‘~~ . 1
• UPPER LIMIT =

V ?
- 1;

ENTER the LIMITS OF INIEGRAT ION for NATURAL COORDINATE , T 
V

LOWER LIMIT = V

?
— 1;
UPPER LII1IT =

1; V

* JACOB IAN GENERAT ION — ISOPARAM ETRIC *

* B MATRIX GENERATION - ISOPARAMETRIC ~

BREAKPO I NT FOR PHASE BMX I SO ENCOUNTERED
TYPE ‘EXIT; ’ TO RESIJIIE

35 msec.
(MACSYMA—BREAK )
4-CLOSEFILE (AKIG, 1OCt10);

< To avoid exceed i ng storage space prov i ded by the present ver s io n o f
MACSYMA , processing was suspended af ter  the dete rminat ion of the (B)
matr ix .  The record f i l e  tV ias clo sed , generated valucs were saved on
f i l e  (AK1G, IDVALS) , the current job i.~os terini nat ecl and a new job was
initiated. The va l ues were then restored and sel ecte d funct i ons f rom

• the integration processor and disp oy pre—processor phases were then
9used to produce the integrand of equation (2) (sec t ion  1.2.1): >

(02) (OSK , AK1G)

V 
(C3) LOAOF ILE (AK1G,J QVALS);

AK1G I DVALS DSK AK1G be i ng loaded
V I oad I ng done

V 
• (03) DONE

(C4) I.OADFILE (INTJSO ,FCN);

JNT I SO FCN 06K AK1G being l oaded
I oacl i nci done
(0(i )  DONE
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(CS) LOAOF ILE (OISIPP ,FCN);
DISIPP FCN 06K AK1G be i ng l oaded
I oad I ng done V

S 
(05) / DONE

(CS) Bt1ATRIX~FACTOR (BI1ATRJX )5

V tj (C7) FUNCT J ONAL : QUADRAT I CFORfI (BMATR IX , MATER I ALSMATR IX ) S

GENMAT FASL 09K IIAXOUT be ing loaded
l oad i ng done

(C81 FUNCTIONAL (1,1); V 

, 2
(Y 1 - V  T — Y  S ÷ Y  S - V  + Y i

4 3 3 • 2 4 2
(08)• 

64

2
(1—NU ) (X T - X  T - X  S + X  S - X  + X )

4 3 3 2 4 2 - 

V

+ 
V 

V 

128

V < Expression (08) represents the coef f i c ien t  before it is m u lt i p l  ieci V

by any aux iliary terms which are functions of the natural
coordinates. > -

(C9) INTVARSI NSTACK (NATURALCOOROS , STACK ,STACKPOI NTER);
V (09) . - DONE

(ClO) FUNCTIONAL :FUNCTIONALMULTINTVARS (STACK ,STACKPOINIER ,FUNCTIONAL ) S

(Cli) FUNCTIONAL (1,i]; 
• 

2
(V T - Y  T - Y  S + Y  S - V  + V )

V 4 3 3 2 4 2
(011 )— B  ( 

64

V 2
(1 — NIJ) IX T — X  T — X  S + X  S - X  + X )

4 3 3 2 6 2
+ 

128

/(((X - X i  V + (V - V i  X + (X - X l  Y + (V - V i  X I T
2 1 4  1 2 4  1 2 3 . 2 1 3

+ ((X — X I V  + (V - Y ) X  +X  V - V  X - X V  + Y  X ) S  V

3 2 4  2 3 4  1 3  1 3  1 2  1 2

—V V~~ — -—-— -- ~~~~~~~~~~~~~~~~~~~~~~~~~~~ —-
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V + (X - . X i Y  + (Y - V I I I  - X V  + Y  II - X V  4 Y  X I
1 3 4  3 1 4  2 3  2 3 1 2  1 2  

V

(C12) FACTOR: MULTFACTORI SO (STACK , ST ACKPOJ NTER) ;
V E T H

(012)
• (NU — 1) (Mi + 1) V

(C13) CLOSEF I LE (I QCt1O,OISP);

V 

~ A~ the output is vo l um inous , on ly the f i r~;t coe f f i c i en t  (ex pression
(Dli) I and the common mul tip l e (expression (012) ) arc disp l ayed. >

~ It is to be noted that although integr ation could not be achieved ,
I cause of the r es t r i c t i o n s  placed upon storage space in th is
cxpc: r i inenta I vers ion of MACSYMA , th~ rru;u I t~

; produced are in the
f orma appropr i a t e for the hybr i ci symbo I c—numor I C me thcxi di CUS~~ed1 iii
sect ion 2.1 - That is. a “matr ix  t e m p la te ’ could be produced for
ex pressions such as (011); any numerica l quadrature program could ca t  I
such a template ,  supp ly ing numeric a l values f or the element
coordinates as w e l l  as for the natural coordi nates s and t at the V

se l ected quadrature points. > 

-- ~~~ • VV V V~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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V 

3,5 Al gebraic Format of Generated Expression s

~1ACSVMA performs no autom atic s i m p l i f i c a t i o n  of symbo l Ic
V 

V 
expressions. Inatea~l, the user is provided with a class of functions ,
id th wh ich he can interactively produce output formats to his liking .
Computation time is generally high for these operations.

V It i.rnu lcl be a major research e f fo r t ,  in i t se l f , to invest *****with a set of heuri stics that woul d enable it to make decisions
conc erning “ o p t i m a l ”  output formats, Current results are produced by

• apply ing the FACTOR function to the output of the integration
processors.

Some of the var ious output formats which may be generated are
V demonstrated in the run be l ow. Several equivalent forms are presented

V in al gebra ic and FORTRAN card image format. The example emp l oys
element [1 ,1) of the factored stiffness matrix for the CST ,
generalized coordinate form ulation.

(112) (06K , AK1GI

(C3) LOAOFILE(%3I ,VALS);

V %31 VALS 09K AK1G be i ng l oaded
l oad i ng done
(~3) DONE

< Expres ions (06) and (05) are those current ly produced by *****. >

(C4) FTLI1:FUNCTIOWAL (1 ,1]; 
V

2 .  2 2 2
(04) - (II N U - 2 X  X NU + X  N U - 2 Y  + 4 V  V - X  + 2 X  X

3 2 3  2 3 2 3  3 2 3

2 2
- 2 Y  - X i / 4

2 2

(CS) FORTRAN (%);

FORTRA FASL OSK MACSYII be i ng l oaded
l oading done

— (X (3) **2*t41J—2*X (2) *X (3) *NU+X (2) **2*NIJ—2*Y (3) **2+4*Y (2) *V (3) —X (3) *
1 *2+2*X (2) *X (3) —2*Y(2) **2—X (2) **2) /4

(05) DONE

< The appl icat ion of the EXPAND funct ion w i l l  cause products of sums
and exponentiated sums to be m u l t i p l i e d  out , numerators of rationa l
expressions wh ich are sums to be sp l i t  into their respective terms ,
and multiplication to be distributed over addition at all l evels of
i t s  argument. (10] >

L~ _ _ _



~~~~~~~~~~Tl(,cT,~A TI V f CX t1l Lc~~~~~~
(1:6) EXI’ANLl(FILll);

2 2 2 2 2 2 .
X N U  X X N U  X N U  V X X X  V X

:3  2 3  2 3 3 2 3  2 2
V (06) + + - - - Y  V 4- 

V 

2 4 2 2 3 4  2 2 4

(C7) FOR 1RAN (%);
—X 3h•~2~NIJ/44X(2~~: ‘3)*NU/2—X (2i**2*M.I/4+Y(3)*e2/2_Y (2i*Y (3)+X (3)

1 **2f4—X (2) *X (3) /2+Y (2) *~2/2+X (2) **2/4(07) DONE

< RATSIIIP “r a t i ona l ly ” s i tnp l i f ie s  i t s  argu;ncnt and at I of i t s
V subexpressions including arguments to non-rat iona l functions . The

resu l t is returned as the quot ient of two 1)O IyflOIIl i a t  s in a recurs ive
form , i.e. the c o e f f i c i e n t s  of the main var i able are pol ynomials  in
t I V ,e other var i ables. (11] >

(C8) RATS II1P(FTL111;
(0~

)

. 2 2 2 2 2 2
(X - 2 X  II + X )  N U - 2 Y  + 4 Y  V - X  + 2 X  X - 2 Y  - x

3 2 3  2 3 2 3  3 2 3  2 2

‘I

(CS) FORTRAN(%);
— (  (X(3)**2—2*X(2)*X (3)+X(2)**2)*N(J—2*V(3)**24.6*Y(2)*Y(3)—X(3)**2+2

V V 
V 1 *X (2) *X (3) —2*Y (2) ~*2—X (2) *~2i /4

V 
(09) DONE

V < Horner (exp) w i l l  conver t exp into a rearranged representation as in V

Hom er’s rule. (12] >

(ClO) HORNER (FTL11); V

OPTIII FASL 06K IIAXOUT being loaded
load ing done

2
(010) ( ( ( 2  X - X ) X - X ) NU + V (2 V - 4  V I + II (X - 2 X I

2 3 3  2 3 3 2 3 3  2

V 2 2
V + 2 V. + X 1/4

2 2

• (C li) FORTRAN(Z) ;
( ( ( 2 *X (2 )—X (3 ) ) *X (3 )—X (2 )**2 )* NIJ ÷Y (3)* (2 *Y (3 I—4 *Y (2 ))+X ( 3 ) * (X ( 3 )— ~21 *X (2))+2*V (2 1**2+X (2hw2)/4

V (011) DONE

< It is to he noted that the range of the number of mu l t i p l i cat ions

V -~ -~ - — ~~~~~~ 
~~~

V V
~~~~~~~~_
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and d iv is ions extends from 13 using the l IUI~NEH function up to 2U
I),’OdUCCt d by EXPAND. > 

V

(C12),CLOSEFILE (%SIIIP,OEMO);

I-
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V Chapter ~ 
‘V

SUMMARY AND CONCLUS I ONS

V 4,1 Summary 
-

A MACSYtIA’ based processor for aiding In the systhes is of s t i f f ness
m •trice s for finite element applications has been introduced. It is
hoped that the system wi l l  significantly reduce the computationa l V

V effor t in the generation of elements , as w e l l  as perm i t inves t i g a t i o n s
wh i ch would be intractable by current methods.

It is also hoped that this pro ject has suggested direction for
future research and demonstrated the potent ia l  of apply ing MACSYMA to

V other engineer i ng prob l ems.

4. 2 Suggestions for Future work

- Some poss ib le  areas of future  research inc l ude the implementation
of the extens i ons listed be l ow. The ram ifications of many of these
extensions are discussed in section 4.3, V

(a) Permit the formulation of consistent mass matrices , l oad vectors ,
geometric stiffness terms amd therma l effects (see section 2.9).

V (bI Admit second and higher der i vatives in the specification of strain

V 
components. 

V 
- 

V 
V~~~ V

(ci Remove the restrict ion that each degree of V freedqm ~must be
represented by the same shape function. : V 

V~ •
V~ V

(dl Remove the r e s t r i c t i o n  that each node must have the same number of
degrees of freedom. V

(e) Investigate more efficient methods of performing the symbolic
operations. V 

V 
-

(f) I nvestigate cr i teria and methods to produce better expression
optimization in the fina l matrix template.

(gI Investigate extensions to incorporate mater ial and geometric
non— linear it ies.

(hI Investigate alternative formulations. 
V

(i i  Permit the speci f icat ion and production of additlonal output

- —-V.-  ~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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formats directly compatible with the calling sequences of a variety of
invok ing ana lys is programs, -

V 4.3 Conclusions

It i s  f e l t  that the current version of ***** has f u l f i l l e d  the
problem statement and design object ives w i t h i n  the l im i ta t ions  and
constraints of the operating environment. This is not, however a
statement that the prob l em area has been exhausted. Further research

V i n  the areas presente d in  the sect i on, FUTURE I4ORK are definitely
V necessary . 

- 

V

- - Those areas offer i ng the greatest return in extend i ng the
capabilities of the system for the least i nvestment in deve l opment
costs are to: (a) admit second der i vatives in the specification of the

V 
. 

- 
s t a i n  components ; (b) remove the r e s t r i c t i o n tha t each degree of
freedom must be reperesented by the same shape function and (cI permit
the formulat ion of consistent mass matr ices and load vectors ,
Invest igat ions of the ad m is s i b i l i t y  of mater ia l  non l inear it ies  may
a lso prove f ru i t fu l .  V

The imp lementation of many al gor i thms meri ts re—examination.
Operations using FOR l oops should , whenever feasible , be rep l aced with

V vector operations. An examination of the templates generated
V ind i cates that attention should be directed towards facilitating the

computation through the i dentification of patterns resulting in the
repetition of stiffness coefficients. This techn i que has been
emp loyed in Luft U) , Anderson and Noor (6) and Anderson and Bowen (5) ,

V 

Futhermore, considerable additiona l i mprovements in execution
V speed may be obtaiped if futher research Is carr i ed out on the

V 

optimization of the matrix template. This area represents a
si gnificant research effor t in itself. Refinement of these output
fo rma t s  could readil y perm i t  execut ion t i m e  checks on numer i ca l
resul ts.  One such check could determine if the determinant of the
Jacobian is equa l to zero. The symbolic form of the determinant is
generated dur ing processor execution and would be Imbedded in an

V a~,propriate boo lean express ion.

An i mportant ramification of this research is the demonstration of
the potential of MACSYMA in the solution of engineer ing prob lems.
Though pr o f i c i e n c y  i n i ts  use re qui res an apprec i able overhead to
eng i neers acquainted only with FORTRAN, the rewards are enormous. In
a d d i t i o n  to the ease and v a r i e t y  of computa t ion  poss ib l e , the use of
MACSYMA permits i nvestigation of general parametric representatio ns
heretofore unatta inable. Present l im ita ion s In I t s  operat ion w i l l
diminish as additional storage space is made ovallable . There are
ind i cations - that , through the institution of a virtua l memory
processor on the computer supporting MACSYIIA, a future version wi l l
prov i de a greater alotment of storage space.

L~~~~~~ V .
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In this study. It was found tha t Integrat ion was proport ional ly
I the most costl y component of the symbolic process. The hybrid

symbolic—numerical scheme presented could elimin a te this prob l em, at
the expense of a larger amount of numer i cal computation at execution
time , The tradeoffs between the symbolic and hybrid schemes merit
further study.

Assessing the present lack of tabulated closed— form formulat ions
V o f f i n i t e  element s t i f f ness  matr ices , it is apparent that ***** can

make a significant contribution to the presen t f i e l d  of know ledge,
permitting disp l ay and examination of the closed form expressions.

V 

The i mpact upon contemporary 
- 

analysI s programs which emp l oy
numerica l quadrature me r i t s  invest igat ion.  A sense of the potent Ial
i s apparent when one considers that these trad i t I ona I com pu t a t  ion
techniques require an i nvestment of effor t proportiona l to the number
of elements used in each prob l em to be mode led. A lter natively, *****need he used only once for each element type. The stiffness matrix so

V generated is valid for any prob l em requiring that element type.

_ _ _ _ _  _ V ~~~~~~~~~~~~~~~~~~~~~~~ V - V - V V V V V V V . .
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. FOOTNOTES

V (13 Mathlob Group, “IIACSYtIA Pr imer ” (Cambr idge: tiathiab Group,
~~~~~~~~~~~~~~ Computer Science , Massachusetts Institute of

V 4 V T echno l ogy, 1976), p. 1.

(2) Richard Bogen, “MACSYMA Reference Manual” (Cambr idge: Math lab
Group, Laboratory for Computer Science. Massachusetts Institute of V

V Technonogy, 1975) , p. 2.
V (3] Ibid. , p. 2.

[43 I-bid. , p. 2. 
V

(53 Ibid. , p. 3.

16] Ib id. , I). 125.

V (7] Ibid. , p. 40.

V (8] Ibid. , p. 42.

[93 Ibid. , p. 81.
V (10] Ibid. , p. 40.

- 

[11] Ibid., p. 42.

(12] Ibid. , p. 81.
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V 
V 

V Appendix I

OPERATION DETAILS 
V

V 
1.1 INPUT PROTOCOL

I mportant ~nd un i que features of data entry are summar i zed be l ow:

(a) All i nput is format free. I nput lines are terminated by a
semico l on and not by,a return . I nput may he in upper or lower case.

(b) When typ i ng command lines , depressing the “rubout” or “delete ” key
deletes the prev i ous character. By typ i ng “ctr l K” , the user obtains
a copy of the current command line free of any echoed erasures. The
two characters ?? delete the whole command line and causes the line
number t o be red i splayed (43 . -

(c) In general i npu t is prompted for with a question mark.

1.2 ACCESSING THE SYSTEII V

The procedure for gaining access to ~r**** involves three
processes: -

V (1) Establ ishing a connection, via the ARPANET , wi th  the MC computer V

at M.I.T.;

(2) Accessing *~nW~*; 
V

(3) Terminating the connection to MC.

1.2.1 Establish i ng the ARPANET. Connection

This procedure is Installat ion dependent and Is Outlined as It
would be enacted on the POP-1BA computer in the Computer Sci ence

V Department at Carneg i e—Mellon Universit y. Specific details of this
particu l ar procedure can be found in reference (12).

(1) Login to the computer at Ct1U, henceforth refered to as the host.

(2) Establish the ARPANET connection with MC 1.1. by typ i ng

imp telnet m) t—mc

1.2.2 Accessing *****
Details of l ogg i ng onto (IC and of ITS, the operating system on tIC,

LlV V ~~V~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V
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can he found in reference 1111. The user should read sections lI.B ,
and II.G as an absolute minImum. The procedure for initiating
execution of ***** Is outlined as:

(1) Login to MC

(2) Create a job and load a copy of MACSYMA by typ ing V

(3) MACSYMA w i l l  prompt w i th  l ine Cl. Respond w i t h

botch ( Ifstar ,cm ri,clsk ,ak ici3 ,on) I

This command does not require a carr Iage return since it Is -i MACSYMA
command. Execution of *~Wn~* is initiated.

(4) The logout proced ure w i l l  depend upon the opt i on chosen, in phase
TERMIN, to terminate the system:

I f option 3 (TERMINATE THE RUN, THE JOB AND LOGOUT) is chosen, proceed
to step (5).

If option 2 (TERMINATE THE RUN AND THE JOB) is selected , control w i l l
return to ITS command l eve l (see Lewist il)). Type -

:logout 
V

and proceed to step (5)• V

If option 1 (TERMINATE THE RUN) is requested , contro l wi l l re turn to
IIACSYMA command l eve l and the user wil l  be prompted for a MACSYMA
command with a line of the form “ (CI) “, To exit , type a “ctr l Z”
and follow the procedure for option 2.

(5) Return to the host by enter i ng a “ctr t backarrow”. (On some
terminals this wi l l  be a “ctr l underscore” or “ctr l shift 0”.

1.2.3 Terminating the Connection to MC

This process Is also insta llat ion dependent. For the host at Cliii, the
user need only enter

- 
imp c lose/sel f

and then logout.

1.3 Add itiona l Notes

(a) Execution of the system may he aborted at any time by enter ing a
“ctr l z”. Control wil l  return to ITS command leve l and the user may
restar t by typ ing

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~V~~~~~~~~~~~~~~~~V~~~~~~~~~V
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:ki I l

and thin f o l l o w  the procedure start ing w i t h  step (2) of section 1.2.2
V or exI t by execut Ing the procedure starting with step, (5) of that same
V sec tion.

(b) The Record F i le  (sect ion 2.5.1) may be retr ieved for printing at
the host by using the f i l e  transfer program (FTP) wh ich is documented
in reference (12).

(1) Wh i l e  on MC, use the ITS FIND command to determ ine V the f i l e
name by typ i ng

:f i nc l  users; loginname *
V 

where “ log inname ” is rep l aced by your MACSYMA log in name (see
reference (ii)). This w i l l  disp lay the di rectory information for a l l
record files which the user has created by executing the system. From
the t ime and date informatio n disp l ayed , the user can determine the
desired file. The file name wi l l  be your log in name followed by an
integer . The file with the greatest integer is the most recentl y
created. 

-

(2) On the host enter
V r ftp ~V 

V

host m it-mc -

V user users
retr users; log inname inkeger V

quit
qu I t

where “Integer ” is the va l ue disp l ayed by the FIND command . Thi8 w i l l
V 

create a file on the user’s directory on the host , ca l led “USERS”
V wh i ch wil l  contain the contents of the record file. The file may be

dumped to the line Printer or exam ined using one of the editors. The
file on MC is left untouched and may he erased using the ITS DELETE
command. V V

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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- ~1n literal form. The template may be evaluated for a given element by
binding these symbolic forms to the numerical values associated wi th a
specific element. The evaluation process is further facilitated by permitting
specification of a variety of output formats for the resulting matrix template.
Required input is minimized by automatical ly synthesizing the constituent
matrices of the formulation from user-suppl ied specifications of shape
functions, material properties and stress-strain relationships , all in
symbolic notation.

The processor , written in MACSYMA , is highly interactive providing
prompts for user input , enumeration of available program options , and exten-
sive on-line assistance .~~The user may input a ‘1” in place of a prompted
input to request ins tructi~~al text. The file handling capabilities of

V MACSYMA are utilized to reta~n a complete record of each program run. These
records facilitate the handl i’~g of diagnostics , assist in further processingand permit the generation of s\atistics valuable for system development.
Error checking is accomplished ~t~rough semantic checks built into the program

V functions and syntactic checks pèçformed within the MACSYMA operating
environment. V

A partial list of user input includes :
1) Method Sel ec tion - Isoparametri c or generalized coordinate V

formula ti ons. 2)  El ement Parameters - Number of nodes , number of degrees V

of freedom per node and related terms. 3) Material Properties - This matrix
may be selected from a library of standard forms (e.g. plane stress, plane . V

strain) or supplied by the user. 4) Strain Specification - Components are
entered in a user-oriented calculus notation (e.g. ~u/~x is input as D(u,x ) ) .
5) Shape Functions - Shape functions may contain trigonometric functions and
a large class of Intrinsic functions as wel l as polynomial terms. 6) Output
Control Spec if ica tion - A descr iption of the output format of the generated
matrix template.

Possible output forms include a tabular display of the matrix coef-
ficients in symbolic form and the coefficients in FORTRAN card image format.

Background material includes : The objective of this study ; The
derivation of the stiffness matrices; A surrnnary of previous research ; A
brief descri ption of MACSYMA . V

Details of the imp lementation of ***** cover: The design objectives ;
Details of the algori thms used and how they were implemented ; A description
of ~~~*** and its limi tations. 

V

Sample runs include the formulation , using both the isoparametric and 
V

generalized coordinate methods, of the st i ffness matr ices for a: Bar elemen t
with constant cross-sectional area; Bar element with linearly varying cross-
sectional area; Constant Strain Triangle with uniform thickness; Four Node
Quadrilateral.

Conclusions are d’awn and reco~inendations for future work are made.
Appendix I contains notes on operating and accessing the processor.
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